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MODELS OF Z/p2Z OVER A D.V.R. OF UNEQUAL CHARACTERISTIC
DAJANO TOSSICI
Abstrat. Let R be a disrete valuation ring of unequal harateristi whih ontains a prim-
itive p2-th root of unity. If K is the fration eld of R, it is well known that (Z/p2Z)K ≃ µp2,K .
We prove that any nite and at R-group sheme of order p2 isomorphi to (Z/p2Z)K on the
generi ber (i.e. a model of (Z/p2Z)K ), is the kernel in a short exat sequene whih generially
oinides with the Kummer sequene. We will expliitly desribe and lassify suh models.
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Introdution
Notation and Conventions. If not otherwise speied we denote by R a disrete valuation
ring (in the sequel d.v.r.) of unequal harateristi, i.e. a d.v.r. with fration eld K of har-
ateristi zero and with residue eld k of harateristi p > 0. Moreover we write S = Spec(R).
If, for n ∈ N, there exists a distinguished primitive pn-th root of unity ζn in a d.v.r. R, we all
λ(n) := ζn− 1. We remark that v(λ(n−1)) = pv(λ(n)) and v(p) = p
n−1(p− 1)v(λn). Moreover, for
any i ≤ n, we suppose ζi−1 = ζ
p
i . And we will denote by π ∈ R one of its uniformizers. Moreover
if G is an ane R-group sheme we will denote by R[G] the assoiated Hopf algebra. All the
shemes will be assumed no÷therian.
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Let K be a eld of harateristi 0 whih ontains a primitive pn-th root of unity. We remark
that this implies µpn ≃ Z/pnZ. We reall the following exat sequene
1 −→ µpn −→ Gm
pn
−→ Gm −→ 1,
so-alled the Kummer sequene. The Kummer theory says that any pn-yli Galois extension
of K an be dedued by the Kummer sequene. We stress that the Kummer sequene an be
written also as follows
1 −→ µpn −→ G
n
m
θn−→ Gnm −→ 1
where θn((T1, . . . , Tn)) = (1 − T
p
1 , T1 − T
p
2 , . . . , Tn−1 − T
p
n).
Let k be a eld of harateristi p > 0. The following exat sequene
0 −→ Z/pnZ −→Wn(k)
F−1
−→ Wn(k) −→ 0,
where Wn(k) is the group sheme of Witt vetors of length n, is alled the Artin-Shreier-Witt
sequene. The Artin-Shreier-Witt theory implies that any pn-yli Galois overing of k an be
dedued by the Artin-Shreier-Witt sequene.
Let now R be a d.v.r. of unequal harateristi whih ontains a pn-th root of unity. It has
been proved, independently, by Oort-Sekiguhi-Suwa ([14℄) and Waterhouse ([27℄) the existene
of an exat sequene of group shemes over R whih unies the above two sequenes for n = 1.
Later Green-Matignon ([5℄) and Sekiguhi-Suwa([22℄) have, independently, onstruted expliitly
a unifying exat sequene for n = 2. This means that it has been found an exat sequene
(1) 0 −→ Z/p2Z −→W2 −→W
′
2 −→ 0
that oinides with the Kummer sequene on the generi ber and with the Artin-Shreier-Witt
sequene on the speial ber. The ase n > 2 is treated in [13℄ and [21℄. In this paper we fous
on nite and at R-group shemes of order p2 whih are isomorphi to (Z/p2Z)K on the generi
ber, i.e. models of (Z/p2Z)K . And we will prove that, for any suh a group sheme G, there
exists an exat sequene
0 −→ G −→ E1 −→ E2 −→ 0,
with E1, E2 smooth R-group shemes, whih oinides with the Kummer sequene on the generi
ber. We will desribe expliitly all suh isogenies and their kernels. Moreover we will give a
lassiation of models of (Z/p2Z)K .
We now explain more preisely the lassiation we have obtained. The rst two setions are
devoted to review some known fats: in the rst one we reall the denition of a lass of group
shemes of order pn, alled Gλ,n, whih are isomorphi to µpn on the generi ber; in the seond
one we reall some results about Neron blow-ups.
In the third setion we reall the following well known result about lassiation of models of
(Z/pZ)K .
Theorem. 3.1. Let suppose that R ontain a primitive p-th root of unity. If G is a nite and
at R-group sheme suh that GK ≃ (Z/pZ)K then G ≃ Gλ,1 for some λ ∈ R.
In 4 we study the models of (Z/p2Z)K . Let us suppose that R ontains a primitive p2-th
root of unity. We remark that this hypothesis is only used to onlude that (Z/p2Z)K ≃ (µp2)K .
Without this hypothesis what follows remains true substituting (Z/p2Z)K with (µp2)K . First of
all we show that any model of (Z/p2Z)K is an extension of Gµ,1 by Gλ,1 for some µ, λ ∈ R \ {0}.
So we redue ourselves to investigate on Ext1 (Gµ,1, Gλ,1).
Let Sλ := Spec(R/λR) and let us dene the group
radp,λ(< 1 + µS >) :=
{
(F (S), j) ∈ Homgr(Gµ,1|Sλ ,Gm|Sλ)× Z/pZ suh that
F (S)p(1 + µS)−j = 1 ∈ Hom(Gµ,1|Sλp ,Gm|Sλp )
}
/ < 1 + µS > .
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There is an abuse of notation sine S denotes both Spec(R) and the indeterminate of some
polynomials. For any (F, j) ∈ radp,λ(< 1 + µS >) we will expliitly dene in 4.4 an extension
E(µ,λ;F,j) of Gµ,1 by Gλ,1. As a group sheme E
(µ,λ;F,j)
is the kernel of an isogeny of smooth
group shemes of dimension 2. This isogeny generially is isomorphi to the morphism θn dened
above. Using this notation, we will give a desription of Ext1(Gµ,1, Gλ,1).
Theorem. 4.39. Suppose that λ, µ ∈ R with v(λ(1)) ≥ v(λ), v(µ). There exists an exat sequene
0 −→ radp,λ(< 1 + µS >)
β
−→ Ext1(Gµ,1, Gλ,1) −→
−→ ker
(
H1(S,G∨µ,1) −→ H
1(Sλ, G
∨
µ,1)
)
where β is dened by
(F, j) 7−→ E(µ,λ;F,j).
In partiular the set {E(µ,λ;F,j)} ⊆ Ext1(Gµ,1, Gλ,1) is a group isomorphi to radp,λ(< 1+µS >).
The group Ext1(Gµ,1, Gλ,1) has been desribed by Greither in [6℄ through a short exat se-
quene, dierent by that of the previous theorem. An advantage of our desription is that we
individuate a lass of extensions whih, if we forget the struture of extension, "essentially" overs
all the group shemes of order p2. Indeed from 4.39 it follows that any group sheme of order
p2, up to an extension of R, is of the form E(µ,λ;F,j) (see 4.43). Using the Sekiguhi-Suwa theory,
whih is briey explained in 4.2, we obtain the following result.
Corollary. 4.47 Let us suppose p > 2. Let µ, λ ∈ R \ {0} be with v(λ(1)) ≥ v(µ) ≥ v(λ). Then,
the group {E(µ,λ;F,j)} is isomorphi to the group
Φµ,λ :=
{
(a, j) ∈ (R/λR)× Z/pZ suh that ap = 0 and pa− jµ =
p
µp−1
ap ∈ R/λpR
}
,
through the map
(a, j) 7−→ E(µ,λ;
Pp−1
i=0
ai
i! S
i,j).
We give also a similar desription of the group {E(µ,λ;F,j)} with v(µ) < v(λ): see 4.45. Moreover
we remark that we an expliitly nd all the solutions a of the equation pa−jµ ≡ p
µ(p−1)
ap mod λp
if v(µ) ≥ v(λ)(see 4.51).
In 5 we are interested in the group shemes whih are models of (Z/p2Z)K . We prove the
following theorem.
Theorem. 4.58 Let us suppose p > 2. Let G be a nite and at R-group sheme suh that GK ≃
(Z/p2Z)K . Then G ≃ E(pi
m,pin;
Pp−1
i=0
ai
i! S
i,1)
for some v(λ(1)) ≥ m ≥ n ≥ 0 and (a, 1) ∈ Φpim,pin .
Moreover m,n and a ∈ R/πnR are unique.
The last setion is devoted to determine, through the desription of 4.47, the speial bers of
the extensions whih, as group shemes, are models of (Z/p2Z)K .
The expliit desription of the models of (Z/p2Z)K presented in this paper will be used in [24℄
to study the degeneration of Z/p2Z-torsors from harateristi 0 to harateristi p.
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1. Some group shemes of order pn
For any λ ∈ R dene the group sheme
G(λ) = Spec(R[T,
1
1 + λT
])
The R-group sheme struture is given by
T −→ 1⊗ T + T ⊗ 1 + λT ⊗ T omultipliation
T −→ 0 ounit
T −→ −
T
1 + λT
oinverse
We observe that if λ = 0 then G(λ) ≃ Ga. It is possible to prove that G(λ) ≃ G(µ) if and only
if v(λ) = v(µ) and the isomorphism is given by T −→ λµT . Moreover it is easy to see that, if
λ ∈ πR \ {0}, then G
(λ)
k ≃ Ga and G
(λ)
K ≃ Gm. It has been proved by Waterhouse and Weisfeiler,
in [28, 2.5℄, that any deformation, as a group sheme, of Ga to Gm is isomorphi to G(λ) for some
λ ∈ πR \ {0}. If λ ∈ R \ {0} we an dene the morphism
αλ : G(λ) −→ Gm
given, on the level of Hopf algebras, by x 7−→ 1 + λx: it is an isomorphism on the generi ber.
If v(λ) = 0 then αλ is an isomorphism.
We now dene some nite and at group shemes of order pn. Let λ ∈ R satisfy the ondition
(∗) v(p) ≥ pn−1(p− 1)v(λ).
Then the map
ψλ,n :G
(λ) −→ G(λ
pn )
T −→ Pλ,n(T ) :=
(1 + λT )p
n
− 1
λpn
is an isogeny of degree pn. Let
Gλ,n := Spec(R[T ]/Pλ,n(T ))
be its kernel. It is a ommutative nite at group sheme over R of rank pn. It is possible to
prove that
(Gλ,n)k ≃ µpn if v(λ) = 0
(Gλ,n)k ≃ αpn if p
n−1(p− 1)v(λ) < v(p);
(Gλ,n)k ≃ αpn−1 × Z/pZ if p
n−1(p− 1)v(λ) = v(p).
We observe that αλ is ompatible with ψλ,n, i.e the following diagram is ommutative
(2) G(λ)
ψλ,n

αλ
//Gm
pn

G(λ
pn )
αλ
pn
//Gm
Then it indues a map
αλ,n : Gλ,n −→ µpn
whih is an isomorphism on the generi ber. And if v(λ) = 0 then αλ,n is an isomorphism.
We remark that
Hom(Gλ,n, Gλ′,n) =
{
0, if v(λ) < v(λ′);
Z/pnZ, otherwise.
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If v(λ) ≥ v(λ′) the morphisms are given by
Gλ,n −→ Gλ′,n
T 7−→
(1 + λT )i − 1
λ′
for i = 0, . . . , pn − 1. It follows easily that Gλ,n ≃ Gλ′,n if and only if v(λ) = v(λ′).
In the following any time we will speak about Gλ,n it will be assumed that λ satises (∗). If
R ontains a primitive pn-th root of unity ζn then, sine
v(p) = pn−1(p− 1)v(λ(n)),
the ondition (∗) is equivalent to v(λ) ≤ v(λ(n)).
2. Néron blow-ups
We reall here the denition of Néron blow-up. For details see [3, Ch. 3℄, [16℄ and [28℄. In this
setion R is a not neessarily of unequal harateristi.
Denition 2.1. Let X be a at ane R-sheme of nite type and R[X ] its oordinate ring. Let
Y be a losed subsheme of Xk dened by some proper ideal I(Y ) of R[X ]. Then π ∈ I(Y ). We
dene the Néron blow-up (or dilatation) of Y in X by
XY := Spec(A[π−1I(Y )]).
Then XY is a at ane R-sheme of nite type and the R-homomorphism R[X ] ⊆ R[π−1I(Y )]
indues a morphism
XY −→ X,
whih gives an isomorphism on the generi ber.
The Néron-blow up is expliitly given as follows: let I = (π, f1, . . . , fk) with fi ∈ R. Then
R[XY ] = R[X ][π−1f1, . . . , π
−1fk].
So XY is the open set of x ∈ Proj(⊕i≥0Ii) (the lassial blow-up of X in Y ), where Ix is generated
by π. Clearly it is possible to give the denition for shemes in general (see [3, Ch. 3℄).
In the following we are interested in the ase where X is an ane at group sheme G and Y
a subgroupsheme H of Gk. We reall the following denitions.
Denition 2.2. Let ϕ : G −→ H be a morphism of at R-group shemes whih is an isomorphism
restrited to the generi bers. Then it is alled a model map.
Denition 2.3. Let HK be a group sheme over K. Any at R-group sheme G suh that
GK ≃ HK is alled a model of HK .
It is possible to prove that GH is a group sheme and GH −→ G is a model map ([28, 1.1℄).
We reall the following results:
Proposition 2.4. The anonial map GH −→ G sends the speial ber into H. Moreover GH
has the following universal property: any model map G′ −→ G sending the speial ber into H
fators uniquely through GH .
Proof. [28, 1.2℄. 
Theorem 2.5. Any model map between ane group shemes is isomorphi to a omposite of
Néron blow-ups.
Proof. [28, 1.4℄. 
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Example 2.6. Let us onsider the group sheme Gµ,1 = Spec(R[S]/(
(1+µS)p−1
µp )) with v(p) >
(p − 1)v(µ). The only possible subgroup of (Gµ,1)k whih gives a nontrivial blow-up is H = e.
Then I(H) = (π, S) if v(µ) > 0 and I(H) = (π, S − 1) otherwise. It is easy to see that, in both
ases,
Geµ,1 = Gµpi,1.
So if there exists a model map G −→ Gµ,1 then, using 2.5, G ≃ Gλ,1 for some λ ∈ R.
3. Models of (Z/pZ)K
We now reall the lassiation of (Z/pZ)K -models. Two proofs of this result are for instane
given in [12, 1.4.4, 3.2.2℄. The seond one is essentially that we present here. We remark that
if G is a model of (Z/mZ)K and R ontains a primitive m-th root of unity then there are the
following model maps
Z/mZ −→ G −→ µm.
Indeed the rst one is the normalization map, while the seond one is the dual morphism of the
normalization Z/mZ −→ G∨ (see also [10, 2.2.3℄ for a more general result).
Proposition 3.1. Let us suppose that R ontains a primitive p-th root of unity. If G is a nite
and at R-group sheme suh that GK ≃ Z/pZ then G ≃ Gλ,1 for some λ ∈ R \ {0}.
Proof. As remarked above we have an R-model map
ϕ : G −→ µp.
By 2.5 it is a omposition of Néron blow-ups. Then, by 2.6, it follows that G ≃ Gλ,1 for some
λ ∈ R \ {0}. 
4. Models of (Z/p2Z)K
In this setion we study models of (Z/p2Z)K . Throughout the setion we suppose that R
ontains a primitive p2-th root of unity. First of all we prove that any suh group is an extension
of Gµ,1 by Gλ,1 for some µ, λ ∈ R \ {0}.
Lemma 4.1. Let G be a nite and at R-group sheme of order p2 suh that GK is a onstant
group. Then G is an extension of Gµ,1 by Gλ,1 for some µ, λ ∈ R \ {0}.
Proof. If GK is a onstant group then GK is isomorphi to (Z/p2Z)K or to (Z/pZ)K × (Z/pZ)K .
We onsider the fatorization
0 −→ (Z/pZ)K −→ GK −→ (Z/pZ)K −→ 0.
We take the losure G1 of (Z/pZ)K in G. Then G1 is a model of (Z/pZ)K . So by 3.1 it follows
that G1 ≃ Gλ,1 for some λ ∈ R \ {0}. G/Gλ,1 is a model of (Z/pZ)K , too. So, again by 3.1, we
have G/Gλ,1 ≃ Gµ,1 for some µ ∈ R \ {0}. We are done. 
So we study, rst of all, the group Ext1(Gµ,1, Gλ,1).
4.1. Extensions of group shemes. We here reall some generalities on extensions of group
shemes. For more details see [4, III.6℄.
Let G and H be group shemes on S. We moreover suppose that H is ommutative and that
G ats on H . Let us denote
Ext0S(G,H) = {ϕ ∈ HomSchS (G,H)|ϕ(gg
′) = ϕ(g) + g(ϕ(g′))
for any loal setions g, g′ of G}.
We are interested in the ase that G ats trivially on H . In this situation
Ext0S(G,H) = Homgr(G,H).
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Now H 7→ Ext0(G,H) is a left exat funtor from the ategory of fppf-sheaves of G-modules on
S to that of abelian groups. Let Ext•S(G,H) denote the left derived funtor of H 7→ Ext
0
S(G,H).
It is known that Ext1S(G,H) is isomorphi to the group of equivalene lasses of extensions of G
by H (see [4, III 6.2℄).
Reall that an extension of G by H is by denition an exat sequene of fppf-sheaves of groups
0 −→ H
i
−→ E
j
−→ G −→ 0,
suh that i(j(g)h) = gi(h)g−1 for any loal setions h of H and g of E.
Consider two extensions (E) : 0 −→ H
i
−→ E
j
−→ G −→ 0 and (F ) : 0 −→ H
i
−→ F
j
−→
G −→ 0. They are equivalent if there exists a morphism of group shemes f : E −→ F whih
makes the following diagram
(E) : 0 //H
i
//E
j
//
f

G //0
(F ) : 0 //H
i
//F
j
//G //0
ommute. Clearly suh an f is an isomorphism of group shemes. If G and H are at ane
groups over S, then it is the same for E.
We now reall the denitions of pushforward and pull-bak of extensions. Let G and H be as
above and ϕ : G′ −→ G a morphism of group-shemes. Then ϕ indues a morphism
ϕ∗ : Ext1S(G,H) −→ Ext
1
S(G
′, H).
It is expliitly given as follows. Let
(E) : 0 −→ H
i
−→ E
j
−→ G −→ 0
be an extension of G by H . Then ϕ∗[E] is dened by the diagram
ϕ∗[E] : 0 //H
i
//E′
j
//

G′
ϕ

//0
(E) : 0 //H
i
//E′
j
//G //0
where the right square is artesian.
Now onsider a group sheme H ′ together with a G-ation. If ψ : H −→ H ′ is a morphism
whih preserves the G-ation then it indues a morphism
ψ∗ : Ext
1
S(G,H) −→ Ext
1
S(G,H
′),
whih we an expliitly desribe as follows. Let
(E) : 0 −→ H
i
−→ E
j
−→ G −→ 0
be an extension of G by H . Then ψ∗[E] is dened by the diagram
(E) : 0 //H
i
//
ψ

E
j
//

G //0
ψ∗[E] : 0 //H
′ i //E′
j
//G //0
where the left square is oartesian.
Next we reall the Hohshild ohomology. Let G be a presheaf of groups on Sch|S and F
a presheaf of G-modules on Sch|S . We dene a omplex {C
n(G,F ), δn} as follows: Cn(G,F )
denotes the set of morphisms of shemes from Gn to H and the boundary map
δn : Cn(G,F ) −→ Cn+1(G,F )
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is dened by
(δnf)(g0, g1, . . . , gn) = g0f(g1, . . . , gn) +
+
n−1∑
i=0
(−1)i+1f(g0, g1, . . . , gigi+1, . . . , gn) + (−1)n+2f(g0, g1, . . . , gn−1).
Put
Zn(G,F ) = ker(δn : Cn(G,F ) −→ Cn+1(G,F )),
Bn(G,F ) = Im(δn−1 : Cn−1(G,F ) −→ Cn(G,F )),
and
Hn0 (G,F ) = Z
n(F,G)/Bn(G,F ).
For our purposes we are interested in the seond group of ohomology. The following result is
indeed well known.
Proposition 4.2. Let G and H be group shemes over S. Given an ation of G on H then
H20 (G,H) is isomorphi to the group of equivalene lasses of extensions of G by H whih have
a sheme-theoreti setion.
Proof. [4℄. 
4.2. Sekiguhi-Suwa Theory. Here is a very partial review of results of [16℄, [18℄ and [22℄. Let
µ, λ ∈ πR \ {0}. For any λ′ ∈ R \ {0} set Sλ′ = Spec(R/λ′R). What we all Sekiguhi-Suwa
theory is their desription of Homgr(G
(µ)
|Sλ
,Gm|Sλ) and Ext
1(G(µ),G(λ)) through Witt vetors.
Let Y = Spec(R[T1, . . . , Tm]/(F1, . . . , Fn)) be an ane R-sheme of nite type. We reall that,
for any R-sheme X we have that HomSch(X,Y ) is in bijetive orrespondene with the set
{(a1, . . . , am) ∈ H
0(Y,OY )
m|F1(a1, . . . , am) = 0, . . . , Fn(a1, . . . , am) = 0}.
With an abuse of notation we will identify these two sets. If X and Y are R-group shemes we
will also identify Homgr(X,Y ) with a subset of
{(a1, . . . , am) ∈ H
0(Y,OY )
m|F1(a1, . . . , am) = 0, . . . , Fn(a1, . . . , am) = 0}.
We now x presentations for the group shemes Gm and G(λ) with λ ∈ πR. Indeed we write
Gm = Spec(R[S, 1/S]) and G(λ) = Spec(R[S, 1/1 + λS]). We remark again that throughout the
paper will be a onit of notation sine S will denote both Spec(R) and an indeterminate. But
it should not ause any problem. Before illustrating the Sekiguhi-Suwa theory we see what
happens when µ ∈ R∗. In this ase G(µ) ≃ Gm, and we have the following well known lemma.
Lemma 4.3. For any λ ∈ πR we have
Homgr(Gm|Sλ ,Gm|Sλ) = {S
i ∈ R[S, 1/S]|i ∈ Z}.
In partiular if v(λ1) ≥ v(λ2) > 0, the restrition map
Homgr(Gm|Sλ1 ,Gm|Sλ1 ) −→ Homgr(Gm|Sλ2 ,Gm|Sλ2 )
is an isomorphism.
Moreover for the extensions group we have
Proposition 4.4. For any λ ∈ πR \ {0}, any S-ation of Gm on G(λ) is trivial. Moreover
Ext1(Gm,G
(λ)) = 0
Proof. See [18, I 1.6, II 1.4℄. 
We also want to reall what happens to the extensions group when λ ∈ R∗, i.e. G(λ) ≃ Gm.
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Proposition 4.5. For any µ ∈ R \ {0}, any ation of G(µ) on Gm is trivial. Moreover
Ext1(G(µ),Gm) = 0.
Proof. See [18, I 1.5, I 2.7℄ 
We now onsider the ase µ, λ ∈ πR \ {0}. Any ation of G(µ) on G(λ) is trivial ([18, I 1.6℄).
For any at R-sheme X let us onsider the exat sequene on the fppf site Xfl
(3) 0 −→ G(λ)
αλ
−→ Gm −→ i∗Gm,Xλ −→ 0,
where i denotes the losed immersion Xλ = X ⊗R (R/λR)→֒X (see [20, 1.2℄). We observe that
by denitions we have that
Homgr(G
(µ)
|Sλ
,Gm|Sλ) = {F (S) ∈ (R/λR[S,
1
1 + µS
])∗|F (S)F (T ) = F (S + T + µST )}
If we apply the funtor Hom(·,Gm) to the sequene (3) we obtain, in partiular, a map
Homgr(G
(µ)
|Sλ
,Gm|Sλ)
α
−→ Ext1(G(µ),G(λ)).
given by
F 7−→ E(µ,λ;F ),
where
E(µ,λ;F )
is a smooth ane ommutative group dened as follows: let F˜ (S) ∈ R[S] be a lifting of F (S),
then
E(µ,λ;F ) = Spec(R[S1, S2,
1
1 + µS1
,
1
F˜ (S1) + λS2
])
(1) law of multipliation
S1 7−→S1 ⊗ 1 + 1⊗ S1 + µS1 ⊗ S1
S2 7−→S2 ⊗ F˜ (S1) + F˜ (S1)⊗ S2 + λS2 ⊗ S2+
F˜ (S1)⊗ F˜ (S1)− F˜ (S1 ⊗ 1 + 1⊗ S1 + µS1 ⊗ S1)
λ
(2) unit
S1 7−→ 0
S2 7−→
1− F˜ (0)
λ
(3) inverse
S1 7−→ −
S1
1 + µS1
S2 7−→
1
F˜ (S1)+λS2
− F˜ (− S11+µS1 )
λ
We moreover dene the following homomorphisms of group shemes
G(λ) = Spec(R[S, (1 + λS)−1]) −→ E(µ,λ;F )
by
S1 7−→ 0
S2 7−→ S +
1− F˜ (0)
λ
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and
E(µ,λ;F ) −→ G(µ) = Spec(R[S,
1
1 + µS
])
by
S −→ S1.
It is easy to see that
(4) 0 −→ G(λ) −→ E(µ,λ;F ) −→ G(µ) −→ 0
is exat. A dierent hoie of the lifting F˜ (S) gives an isomorphi extension. We reall the
following theorem.
Theorem 4.6. For any λ, µ ∈ πR \ {0}, the map
α : Homgr(G
(µ)
|Sλ
,Gm|Sλ)−→Ext
1(G(µ),G(λ))
is a surjetive morphism of groups. And ker(α) is generated by the lass of 1+ µS. In partiular
any extension of G(µ) by G(λ) is ommutative.
Proof. [17, 3℄. 
We now dene some spaes whih had been used by Sekiguhi and Suwa to desribeHomgr(G
(µ)
|Sλ
,Gm|Sλ)
and, by the above result, Ext1(Gµ,1, Gλ,1). See [22℄ for details.
Denition 4.7. For any ring A, let Wn(A) be the ring of Witt vetors of length n and W (A)
the ring of innite Witt vetors. We dene
Ŵn(A) =
{
(a0, . . . , an) ∈Wn(A)|ai is nilpotent for any i and
ai = 0 for all but a nite number of i
}
and
Ŵ (A) =
{
(a0, . . . , an, . . . ) ∈W (A)|ai is nilpotent for any i and
ai = 0 for all but a nite number of i
}
.
We reall the denition of the so-alled Witt-polynomial: for any r ≥ 0 it is
Φr(T0, . . . , Tr) = T
pr
0 + pT
pr−1
1 + · · ·+ p
rTr.
Then the following maps are dened:
- Vershiebung
V : Wn(A) −→Wn+1(A)
(a0, . . . , an) 7−→ (0, a0, . . . , an)
- Generalization of Frobenius
F : Wn+1(A) −→Wn(A)
(a0, . . . , an) 7−→ (F0(T), F1(T), . . . , Fn(T))
where the polynomials Fr(T) = Fr(T0, . . . , Tr) ∈ Q[T0, . . . , Tr+1] are dened indutively
by
Φr(F0(T), F1(T), . . . , Fr(T)) = Φr+1(T0, . . . , Tr+1).
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If p = 0 ∈ A then F is the usual Frobenius. The subring Ŵ (A) is stable respet to these maps.
For any morphism G : Ŵ (A) −→ Ŵ (A) we will set Ŵ (A)G := kerG. And for any a ∈ A we
denote the element (a, 0, 0, . . . , 0, . . . ) ∈ W (A) by [a].
We reall the following standard result about Witt vetors.
Lemma 4.8. Let Sr[T,U] ∈ Z[T,U] suh that, if a, b ∈W (A), then
a+ b = (S0[a, b], . . . , Sr[a, b], . . . )
If Ti and Ui have weight p
i
then Sr[T,U] is isobari of weight p
r
.
The following lemma will be useful later.
Lemma 4.9. Let λ ∈ R. If a = (a0, a1, . . . ), b = (b0, b1, . . . ) ∈ Ŵ (R/λR)F then
a+ b = (a0 + b0, a1 + b1, . . . , ai + bi, . . . )
Proof. We suppose that a+b = (c0, c1, . . . , ci, . . . ). By the previous lemma we have that cr(a , b)
is isobari of weight pr. It is a standard result that
cr(a , b) = ar + br + c
′
r((a0, a1, . . . , ar−1), (b0, b1, . . . , br−1)).
for some polynomial c′r(S0, . . . , Sr−1, T0, . . . , Tr−1). Clearly c
′
r(a , b) is isobari of weight p
r
, too.
Hene deg(c′r) ≥ p.
Let a˜i, b˜i ∈ R be liftings of ai and bi, respetively. For any r ≥ 1, up to hanging a with b,
we an suppose that v(a˜k) = min{v(a˜i), v(b˜i)|i = 0, . . . , r − 1}, for some 0 ≤ k ≤ r − 1. Sine
deg c′r ≥ p then v(c
′
r(a˜ , b˜)) ≥ pv(a˜k). But v(a˜
p
k) ≥ v(λ) sine F(a) = 0. Hene c
′
r(a , b) = 0 ∈
R/λR. So
a + b = (a0 + b0, a1 + b1, . . . , ai + bi, . . . )

We now reall the denition of the Artin-Hasse exponential series
Ep(T ) := exp
(∑
r≥0
T p
r
pr
)
=
∞∏
r=0
exp
(
T p
r
pr
)
∈ Z(p)[[T ]].
Sekiguhi and Suwa introdued a deformation of the Artin-Hasse exponential map in [22℄. By the
well known formula limµ→0(1+µx)
α
µ = exp(αx), it an be seen that (1+µx)
α
µ
is a deformation of
exp(αx). From this point of view they dened the formal power series Ep(U,Λ;T ) ∈ Q[U,Λ][[T ]]
by
Ep(U,Λ;T ) := (1 + ΛT )
U
Λ
∞∏
r=1
(1 + Λp
r
T p
r
)
1
pr
((UΛ )
pr−(UΛ )
pr−1 )
They proved that Ep(U,Λ;T ) has in fat its oeients in Z(p)[U,Λ]. It is possible to show ([22,
2.4℄) that
Ep(U,Λ;T ) =


∏
(i,p)=1 Ep(UΛ
i−1T i)
(−1)i−1
i , if p > 2;∏
(i,2)=1Ep(UΛ
i−1T i)
1
i
[∏
(i,2)=1Ep(UΛ
2i−1T 2i)
1
i
]−1
, if p = 2.
Let A be a Z(p)-algebra and a, µ ∈ A. We dene Ep(a, µ;T ) as Ep(U,Λ;T ) evaluated at U = a
and Λ = µ.
Example 4.10. It is easy to see that Ep(a, 0;T ) = Ep(aT ) and Ep(µ, µ;T ) = 1+ µT . Moreover
if ap = µp−1a ∈ A then ( aµ )
pr − ( aµ )
pr−1 = 0 for r ≥ 1. Hene
Ep(a, µ;T ) = (1 + µT )
a
µ = 1 +
p−1∑
i=1
∏i−1
k=0(a− kµ)
i!
T i.
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In partiular if µ = 0 and ap = 0 ∈ A then
Ep(a, 0;T ) =
p−1∑
i=0
ai
i!
T i.
If a= (a0, a1, a2, . . . ) ∈ W (A) we dene the formal power series
(5) Ep(a , µ;T ) =
∞∏
k=0
Ep(ak, µ
pk ;T p
k
).
The following result gives an expliit desription of Homgr(G
(µ)
|A ,Gm|A).
Theorem 4.11. Let A be a Z(p)-algebra and µ ∈ A a nilpotent element. The homomorphism
ξ0A : Ŵ (A)
F−[µp−1] −→ Homgr(G
(µ)
|A ,Gm|A)
a 7−→ Ep(a, µ;S)
is bijetive.
Proof. [22, 2.19.1℄. 
And 4.6 and 4.11 give the following:
Corollary 4.12. For any λ, µ ∈ πR \ {0} the map
α ◦ ξ0R/λR : Ŵ (R/λR)
F−[µp−1]/ < 1 + µT > −→ Ext1(G(µ),Gm)
a 7−→ E(λ,µ;Ep(a,λ;S))
is an isomorphism.
We now desribe some natural maps through these identiations. Consider the isogeny
ψµ,1 : G
(µ) −→ G(µ
p).
Let us now suppose that p > 2. Then we have that, if p2 ≡ 0 mod λ,
ψ∗µ,1 : Homgr(G
(µp)
|Sλ ,Gm|Sλ) −→ Homgr(G
(µ)
|Sλ
,Gm|Sλ)
is given by
a 7−→ [
p
µp−1
]a+ V (a)(6)
(see [22, 1.4.1 and 3.8℄).
For p = 2 the situation is slightly dierent. Let us dene a variant of the Vershiebung as
follows. Dene polynomials
V˜r(T) = V˜r(T0, . . . , Tr) ∈ Q[T0, . . . , Tr]
indutively by V˜0 = 0 and
Φr(V˜0(T), . . . , V˜r(T)) = p
prΦr−1(T0, . . . , Tr−1)
for r ≥ 1. Then we have that (with possibly 22 6≡ 0 mod λ)
ψ∗µ,1 : Homgr(G
(µ2)
|Sλ
,Gm|Sλ) −→ Homgr(G
(µ)
|Sλ
,Gm|Sλ)
is given by
a 7−→ [
2
µ
]a+ V (a) + V˜ (a)
(see [22, 3.8℄).
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For simpliity, to avoid to use this desription of ψ∗µ,1, we will onsider sometimes only the
ase p > 2.
Consider the morphism
(7)
p : Homgr(G
(µ)
|Sλ
,Gm|Sλ) −→ Homgr(G
(µ)
|Sλp
,Gm|Sλp )
F (S) 7−→ F (S)p
This morphism is suh that
ψλ,1∗ ◦ α = α ◦ p.
Let a∈ (Ŵ (R/λR))F−[µ
p−1]
. Take any lifting a˜ ∈ W (R). Using the identiations of 4.11 the
morphism p above is given by
(8) a 7−→ pa˜
(see [22, 4.6℄). We will sometimes simply write pa .
4.3. Two exat sequenes. The main tools whih we will use to alulate the extensions of
Gλ,1 by Gµ,1 are two exat sequenes. We reall them in this subsetion. See (9) and (12) below.
First of all we prove that any ation of Gµ,1 on Gλ,1 is trivial.
Lemma 4.13. Let ϕ : G −→ H be an S-morphism of ane S-groups. Assume that G is at
over S. Then ϕ = 0 if and only if the generi ber ϕK = 0.
Proof. [18, 1.1℄. 
Lemma 4.14. Every ation of Gµ,1 on Gλ,1 is trivial.
Proof. Giving an ation of Gλ,1 on Gµ,1 is the same as giving a morphism Gµ,1 −→ AutR(Gλ,1).
If we onsider the generi ber we have a morphism
µp,K −→ AutK(µp,K).
The last one is the étale group sheme (Z/pZ)∗K . It is a group sheme of order p − 1. So any
morphism µp,K −→ AutK(µp,K) is trivial. Applying 4.13 we have the thesis. 
In the following, all the ations will be supposed trivial. Applying now the funtor Ext to the
following exat sequene of group shemes
(Λ) : 0 −→ Gλ,1
i
−→ G(λ)
ψλ,1
−→ G(λ
p) −→ 0,
we obtain
(9)
0 −→ Homgr(Gµ,1,G
(λp))
δ′
−→ Ext1(Gµ,1, Gλ,1)
i∗−→
−→ Ext1(Gµ,1,G
(λ))
ψλ,1
∗−→ Ext1(Gµ,1,G
(λp)).
We remark that δ′ is injetive sine
ψλ,1∗ : Homgr(Gµ,1,G
(λ)) −→ Homgr(Gµ,1,G
(λp))
is the zero morphism. Indeed sine G is at over R, then by 4.13,
Homgr(Gµ,1,G
(λ)) →֒ Homgr(µp,K ,GmK) ≃ Z/pZ.
And it is easy to verify that
(10) Homgr(Gµ,1,G
(λ)) =
{
Z/pZ, if λ | µ
0, if λ ∤ µ
Let us write Gµ,1 = Spec(R[S]/(
(1+µS)p−1
µp )). If λ | µ the group is formed by the morphisms
given by σi : S 7−→
(1+µS)i−1
λ with i ∈ Z/pZ. The map (ψλ,1)∗ : Homgr(Gµ,1,G
(λ)) −→
Homgr(Gµ,1,G(λ
p)) is moreover nothing else but the multipliation by p. So it is learly zero.
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The map
(11) δ′ : Homgr(Gµ,1,G
(λp)) −→ Ext1(Gµ,1, Gλ,1)
is dened by
σi 7−→ (σi)
∗(Λ),
where (σi)
∗(Λ) is expliitly
Spec(R[S1, S2]/(
(1 + µS1)
p − 1
µp
,
(1 + λS2)
p − (1 + µS1)i
λp
),
with the maps
Gλ,1 −→ σ
∗
i (Λ)
S1 7−→ 0
S2 7−→ S
and
σ∗i (Λ) −→ Gµ,1
S 7−→ S1
The struture of group sheme on σ∗i (Λ) is the unique one whih makes the map
σ∗i (Λ) −→ µp2 = Spec(R[Z1, Z2]/(Z
p
1 − 1, Z
p
2 − Z
i
1))
Z1 7−→ 1 + µS1
Z2 7−→ 1 + λS2
a morphism of group shemes.
As remarked in [18, 4.4℄, there is the following long exat sequene
(12)
0 −→ Homgr(Gµ,1,G(λ
′)) −→ Homgr(Gµ,1,Gm)
rλ′−→ Homgr(Gµ,1|Sλ′
,Gm|Sλ′ )
δ
−→
−→ Ext1(Gµ,1,G
(λ′))
αλ
′
∗−→ Ext1(Gµ,1,Gm) −→ Ext
1(Gµ,1|Sλ′
,Gm|Sλ′ ).
We so have
(13) kerαλ
′
∗ ≃ Imδ ≃ Homgr(Gµ,1|Sλ′
,Gm|S′
λ
)/rλ′ (Homgr(Gµ,1,Gm)).
We remark that by (10), setting λ′ = 1, it follows that
Homgr(Gµ,1,Gm) ≃ Z/pZ
and the group is formed by the morphisms S 7−→ (1+µS)i. While, by (10), Homgr(Gµ,1,G(λ
′)) ≃
Z/pZ if λ′|µ and it is 0 otherwise. Hene, by (12), if λ′|µ then rλ′ is the zero morphism, otherwise
rλ′ is an isomorphism. Hene, by (13),
(14) kerαλ
′
∗ ≃ Homgr(Gµ,1|Sλ′
,Gm|Sλ′ )/ < 1 + µS > .
In the following we give a more expliit desription of the main ingredients of the exat se-
quenes (9) and (12).
4.4. Expliit desription of Homgr(Gµ,1|Sλ ,Gm|Sλ). First we onsider the simplest ases. If
λ ∈ πR,
(15) Homgr(µp|Sλ ,Gm|Sλ) = {S
i ∈ (R/λR)[S, 1/S]|i ∈ Z/pZ}.
While if λ ∈ R∗ we have Sλ = ∅ and Homgr(Gµ,1|Sλ ,Gm|Sλ) = {1}.
Now we study Homgr(Gµ,1|Sλ ,Gm|Sλ) for µ, λ ∈ πR \ {0}.
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Proposition 4.15. Let λ, µ ∈ πR \ {0}. The map
i∗ : Homgr(G
(µ)
|Sλ
,Gm|Sλ) −→ Homgr(Gµ,1|Sλ ,Gm|Sλ)
indued by
i : Gµ,1 →֒ G
(µ)
is surjetive. If p > 2, ξ0R/λ, dened in 4.11, indues an isomorphism
Ŵ (R/λR)F−[µ
p−1]/
{
[
p
µp−1
]b+ V (b)|b ∈ Ŵ (R/λR)
F−[µp(p−1)]
}
−→ Homgr(Gµ,1|Sλ ,Gm|Sλ)
Proof. We have by denitions that
Homgr(Gµ,1|Sλ ,Gm|Sλ) = {F (S) ∈
(
R/λR[S]/(
(1 + µS)p − 1
µp
)
)∗
|
F (S)F (T ) = F (S + T + µST )}
and
Homgr(G
(µ)
|Sλ
,Gm|Sλ) = {F (S) ∈
(
R/λR[S,
1
1 + µS
]
)∗
|
F (S)F (T ) = F (S + T + µST )}.
Sine (Gµ,1)k is isomorphi to αp or Z/pZ then the group Homgr((Gµ,1)k,Gm,k) is trivial. So
F (S) ≡ 1 mod π. Moreover any F (S) ∈ (R/λR)[S]/( (1+µS)
p−1
µp ) suh that F (S) ≡ 1 mod π
is invertible. The same is true in Homgr(G(µ)|Sλ ,Gm|Sλ) sine G
(µ)
k ≃ Ga. We now say that F
satises ondition (♯) if
F (S) ≡ 1 mod π;
F (S)F (T ) = F (S + T + µST ).
Then
Homgr(Gµ,1|Sλ ,Gm|Sλ) = {F (S) ∈ R/λR[S]/
((1 + µS)p − 1
µp
)
|F (S) saties (♯)}
and
Homgr(G
(µ)
|Sλ
,Gm|Sλ) = {F (S) ∈ R/λR[S,
1
1 + µS
]|F (S) saties (♯)}.
Any F ∈ R/λR[S]/( (1+µS)
p−1
µp ) an be represented by a polynomial of degree p − 1. And if it
satises (♯), it also satises (♯) in R/λR[S, 11+µS ].
So
i∗ : Homgr(G
(µ)
|Sλ
,Gm|Sλ) −→ Homgr(Gµ,1|Sλ ,Gm|Sλ)
is surjetive.
Now, by the exat sequene
(Λ′) 0 −→ Gµ,1
i
−→ G(µ)
ψµ,1
−→ G(µ
p) −→ 0
over Sλ, we have the long exat sequene of ohomology
0 −→ Homgr(G
(µp)
|Sλ
,Gm|Sλ)
ψ∗µ,1
−→ Homgr(G
(µ)
|Sλ
,Gm|Sλ)
i∗
−→
−→ Homgr(Gµ,1|Sλ ,Gm|Sλ)
δ′′
−→Ext1(G
(µp)
|Sλ
,Gm|Sλ) −→ . . .
By 4.11 we have that
Homgr(G
(µ)
|Sλ
,Gm|Sλ) ≃ Ŵ (R/λR)
F−[µp−1]
and, by (6),
ψ∗µ,1(Homgr(G
(µp)
|Sλ
,Gm|Sλ)) ≃
{
[
p
µp−1
]b+ V (b)|b ∈ Ŵ (R/λR)
F−[µp(p−1)]
}
.
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Therefore the proposition is proved. 
We now give a more expliit desription of Homgr(Gµ,1|Sλ ,Gm|Sλ).
Proposition 4.16. If λ, µ ∈ R with v(p) ≥ (p− 1)v(µ) > 0 and v(p) ≥ v(λ), then
Homgr(Gµ,1|Sλ ,Gm|Sλ) = {Ep(a, µ;S) = 1 +
p−1∑
i=1
∏i−1
k=0(a− kµ)
i!
Si
s.t. a ∈ R/λR and ap = µp−1a ∈ R/λR}
Remark 4.17. In [16, 3.5℄, an indutive formula for the oeients of the polynomials F (T ) ∈
Hom(G(µ)|Sλ ,Gm|Sλ) is given. If we onsider only polynomials of degree less or equal to p− 1, it
oinides with (18). But for the reader's onveniene, we prefer to give here a diret proof of this
formula.
Remark 4.18. If v(µ) ≥ v(λ) then
Homgr(Gµ,1|Sλ ,Gm|Sλ) = {
p−1∑
i=0
ai
i!
T i|ap = 0} = {Ep(aT )|a
p = 0}
Proof. As seen in 4.15
Homgr(Gµ,1|Sλ ,Gm|Sλ) = {F (S) =
p−1∑
i=0
aiS
i ∈R/λR[S]/(
(1 + µS)p − 1
µp
)
s.t. F (S) ≡ 1 mod π and F (S)F (T ) = F (S + T + µST )}.
Now
(16)
F (S + T + µST ) =
p−1∑
i=0
ai(S + T + µST )
i
=
p−1∑
i=0
i∑
j=0
j∑
k=0
(
i
j
)(
j
k
)
µi−jaiS
k+i−jT i−k
=
p−1∑
r=0
p−1∑
l=0
∑
max{r,l}≤i≤r+l
(
i
2i− (r + l)
)(
2i− (r + l)
i− l
)
µr+l−iaiS
rT l
and
(17) F (S)F (T ) =
p−1∑
r=0
p−1∑
l=0
aralS
rT l.
So we have the equality if and only if
(18)
aral =
∑
max{r,l}≤i≤r+l
(
i
2i− (r + l)
)(
2i− (r + l)
i− l
)
µr+l−iai
=
∑
max{r,l}≤i≤r+l
i!
(r + l − i)!(i − l)!(i− r)!
µr+l−iai
for any 0 ≤ r, l ≤ p− 1. Clearly a0 = 1.
We now have the following lemma:
Lemma 4.19. For any µ, λ ∈ πR \ {0}, the following statements are equivalent
i) ar =
Qr−1
k=0(a1−kµ)
r! for any 1 ≤ r ≤ p− 1 and
∏p−1
k=0(a1 − kµ) = 0;
ii) ar−1a1 = (r − 1)µar−1 + rar for any 1 ≤ r ≤ p− 1;
iii) aral =
∑
max{r,l}≤i≤r+l
i!
(r+l−i)!(i−l)!(i−r)!µ
r+l−iai for any 1 ≤ l, r ≤ p− 1.
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Proof. In the following we use the onvention that ai = 0 if i > p− 1.
i)⇔ ii). It is lear that
ar−1a1 = (r − 1)µar−1 + rar
is equivalent to ar = ar−1
a1−µ(r−1)
r , if r < p, and ap−1(a1 − µ(p− 1)) = 0. An easy indution
shows that this is equivalent to
ar =
∏r−1
k=0(a1 − kµ)
r!
if r < p− 1 and
p−1∏
k=0
(a1 − kµ) = 0.
ii)⇐ iii). It is obvious.
ii)⇒ iii). We will prove it by indution on l. By hypothesis ar−1a1 = (r − 1)µar−1 + rar for
any r. We now suppose that iii) is true for k ≤ l − 1 for any r. Then we will prove it is also
true for l for any r. We an learly suppose l ≤ r, otherwise, up to a hange of l with r, we an
onlude by indution. We have
aral
ii)
= ar(al−1
a1 − µ(l − 1)
l
)
= (aral−1)
a1 − µ(l − 1)
l
induct.
=
( ∑
r≤i≤r+l−1
i!
(r + l − i− 1)!(i− l − 1)!(i − r)!
µr+l−i−1ai
)
a1 − µ(l − 1)
l
induct.
=
∑
r≤i≤r+l−1
i!
(r + l − i− 1)!(i − l− 1)!(i − r)!
µr+l−i−1
(
µ(i − l + 1)ai + (i+ 1)ai+1
l
)
=
r!
l!(r + 1− l)!
µl(r + 1− l)ar+
+
∑
r+1≤i≤r+l−1
(
i!
(r + l − i)!(i− l)!(i− r − 1)!l
µr+l−i+
+
i!(i− l + 1)
(r + l − i)!(i − l+ 1)!(i− r)!l
µr+l−i
)
ai +
(r + l − 1)!(r + l)
r!l!
ar+l
=
∑
r≤i≤r+l
i!
(r + l − i)!(i− l)!(i− r)!
µr+l−iai.

We ome bak to the proof of the proposition. In R/λR the ondition
p−1∏
k=0
(a1 − kµ) = 0
is equivalent to ap1 = µ
p−1a1. Indeed we have the following equality in Z/pZ[S]
p−1∏
k=0
(S − k) = Sp − S,
sine these polynomials have the same zeros. Sine p = 0 ∈ R/λR, then
p−1∏
k=0
(a1 − kµ) = a
p
1 − µ
p−1a1.
By the lemma and 4.10 the thesis follows. 
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We now essentially rewrite 4.19 in a more expressive form.
Corollary 4.20. Let λ, µ ∈ πR \ {0} and let F (S) =
∑p−1
i=0 aiS
i ∈ R/λR[S] be a polynomial of
degree less than or equal to p− 1. Then the following statements are equivalent
(i) F (S)F (T )− a20 = F (S + T + µST )− a0
(ii) F (S)a1 = F
′(S)(1 + µS) where F ′ is the formal derivative of F .
Remark 4.21. Let us suppose v(µ) ≥ v(λ). This orollary, together with 4.16, says that the
solution of the dierential equation in R/λR[S]/( (1+µS)
p−1
µp ){
F ′(S) = aF (S),
F (0) = 1
has as unique solution F (S) = Ep(aS) =
∑p−1
i=0
ai
i! S
i
and ap = 0.
Proof. By (18), we have that 4.19(iii) is equivalent to
(19) F (S)F (T )− a20 = F (S + T + µST )− a0.
If we put l = 1 in (18), we obtain the oeient of T in both members of (19). This means that
4.19(ii) is equivalent to
F (S)a1 = F
′(S)(1 + µS).
Then their equivalene omes from 4.19.

When v(µ) ≥ v(λ), putting together 4.15 and 4.16, we have a simpler desription of Homgr(Gµ,1|Sλ ,Gm|Sλ).
Corollary 4.22. Let p > 2. Let λ, µ ∈ R with v(p) ≥ (p − 1)v(µ) > 0 and v(µ) ≥ v(λ) > 0.
Then we have the following isomorphism of groups
(ξ0R/λR)p : (R/λR)
F −→ Homgr(Gµ,1|Sλ ,Gm|Sλ)
given by
a 7−→ Ep(aS).
Moreover the restrition map
i∗ : Homgr(G
(µ)
|Sλ
,Gm|Sλ) ≃ Ŵ (R/λR)
F −→ Homgr(Gµ,1|Sλ ,Gm|Sλ) ≃ (R/λR)
F
is given, in terms of Witt vetors, by
a = (a0, a1, . . . , 0, 0, 0, . . . ) 7−→
∞∑
i=0
(−1)i(
p
µp−1
)iai
Proof. We rst remark that the restrition of the Teihmüller map
T : (R/λR)F −→ Ŵ (R/λR)F,
given by
a 7−→ [a],
is a morphism of groups. This follows from 4.9. Moreover, if we onsider the isomorphism
ξ0R/λR : Ŵ (R/λR)
F −→ Homgr(G
(µ)
|Sλ
,Gm|Sλ)
and
i∗ : Homgr(G
(µ)
|Sλ
,Gm|Sλ) −→ Homgr(Gµ,1|Sλ ,Gm|Sλ),
we have
i∗ ◦ ξ0R/λR ◦ T = (ξ
0
R/λR)p.
So (ξ0R/λR)p is a morphism of groups. It is surjetive by 4.16 and, by 4.15, its kernel is
T ((R/λR)F) ∩
{
[
p
µp−1
]b+ V (b)|b ∈ Ŵ (R/λR)
F
}
.
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Let us now suppose that there exists b = (b0, b1, . . . ) ∈ Ŵ (R/λR)
F
and a ∈ (R/λR)F suh that
[ pµp−1 ]b+ V (b) = [a]. It follows by the denition of Witt vetor ring that
(20) [
p
µp−1
]b = (
p
µp−1
b0, . . . , (
p
µp−1
)p
j
bj, . . . ),
and
(21) [a]− V (b) = (a0,−b0,−b1, . . . ).
Sine b ∈ Ŵ (R/λR), there exists r ≥ 0 suh that bj = 0 for any j ≥ r. Moreover, omparing
(20) and (21) it follows
(
p
µp−1
)p
j
bj+1 = −bj for j ≥ 0
(
p
µp−1
)pb0 = a.
Hene bj = a = 0 for any j ≥ 0. It follows that (ξ0R/λR)p is injetive.
We now prove the seond part of the statement. First of all we remark that for any a =
(a0, . . . , aj , . . . ) ∈ Ŵ (R/λR)F we have
a =
∞∑
j=0
V j([aj ]).
It is lear that for any a ∈ R/λR we have i∗([a]) = a. While, by 4.15, it follows that i∗V (b) =
−i∗([ pµp−1 ]b) for any b ∈ Ŵ (R/λR)
F
. Hene i∗V j(b) = (−1)ji∗([( pµp−1 )
j ]b) for any j ≥ 1. From
these fats it follows that
i∗(a) = i∗(
∞∑
j=0
V j([aj ]))
=
∞∑
j=0
(i∗(V j([aj ])))
=
∞∑
j=0
(−1)j(
p
µp−1
)jaj .

4.5. Expliit desription of δ. The map
δ : Homgr(Gµ,1|Sλ ,Gm|Sλ) −→ Ext
1(Gµ,1,G
(λ))
an also be expliitly desribed. We have the following ommutative diagram
Homgr(G
(µ)
|Sλ
,Gm|Sλ)
//
α

Homgr(Gµ,1|Sλ ,Gm|Sλ)
δ

// 0
Ext1(G(µ),G(λ))
i∗
// Ext1(Gµ,1,G(λ))
where the rst horizontal map is surjetive by 4.15. So, given
F (S) ∈ Homgr(Gµ,1|Sλ ,Gm|Sλ),
we an hoose a representant in Homgr(G
(µ)
|Sλ
,Gm|Sλ) whih we denote again by F (S) for simpliity.
Then δ is dened by
F (S) 7−→ E˜(µ,λ;F ) := i∗(E(µ,λ;F )) = i∗(α(F (S))).
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If F˜ (S) ∈ R[S] is any lifting then it is dened, as a sheme, by
E˜(µ,λ;F ) = Spec
(
R[S1, S2, (F˜ (S1) + λS2)
−1]/
(1 + µS1)
p − 1
µp
)
.
This extension does not depend on the hoie of the lifting sine the same is true for E(µ,λ;F ).
So, by (12), we see that ker(αλ∗ ) ⊆ Ext
1(Gµ,1,G(λ)) is nothing else but the group {E˜(µ,λ;F )}.
We reall that, by (13), for any λ′ ∈ R,
kerαλ
′
∗ ≃ Homgr(Gµ,1|Sλ′
,Gm|Sλ′ )/rλ′ (Homgr(Gµ,1,Gm)).
We have therefore proved the following proposition.
Proposition 4.23. Let λ, µ ∈ R \ {0} with v(p) ≥ (p− 1)v(µ). Then δ indues an isomorphism
Homgr(Gµ,1|Sλ ,Gm|Sλ)/rλ′(Homgr(Gµ,1,Gm)) −→ {E˜
(µ,λ;F )}
F (S) 7−→ E˜(µ,λ;F )
Remark 4.24. As remarked in 4.3, if λ′ | µ then
rλ′(Homgr(Gµ,1,Gm)) = 0,
otherwise
rλ′ (Homgr(Gµ,1,Gm)) ≃< 1 + µS >≃ Z/pZ.
Example 4.25. a) Let us suppose v(µ) = 0 and v(λ) > 0. Sine, by (15) and the previous
remark,
Homgr(µp|Sλ ,Gm|Sλ) ≃ rλ(Homgr(Gµ,1,Gm)) ≃ Z/pZ
then {E˜(µ,λ;F )} = 0.
b) Let us suppose v(λ) = 0. Sine Sλ = ∅, then {E˜(µ,λ;F )} = 0.
4.6. Interpretation of Ext1(Gµ,1,Gm). First of all, we briey reall a useful spetral sequene .
Let Exti(G,H) denote the fppf-sheaf on Sch/S, assoiated to the presheafX 7−→ Ext
i (G×S X,H×SX).
Then we have a spetral sequene
Eij2 = H
i(S, Extj(G,H))⇒ Exti+j(G,H),
whih in low degrees gives
(22)
0 −→ H1(S, Ext0(G,H)) −→ Ext1(G,H) −→ H0(S, Ext1(G,H)) −→
−→ H2(S, Ext0(G,H)) −→ Ext2(G,H).
All the groups of ohomology are alulated in the fppf topology. MoreoverH1(S, Ext0(G,H))
is isomorphi to the subgroup of Ext1(G,H) formed by the extensions E whih split over some
faithfully at ane S-sheme of nite type (f. [4, III 6.3.6℄). We suppose that G ats trivially
on H , then Ext0(G,H) = Homgr(G,H). We will onsider the ase H = Gm and G a nite at
group sheme. In this ase, Ext0(G,Gm) is by denition the Cartier dual of G, denoted by G∨.
We reall the following result whih will play a role in the desription of extensions of Gµ,1 by
Gλ,1 (see 4.39 below).
Theorem 4.26. Let G be a ommutative nite at group sheme over S. Then the anonial
map
H1(S,G∨) −→ Ext1(G,Gm)
is bijetive.
Proof. This is a Theorem of S.U. Chase. For a proof see [25℄. We stress that he proves
Ext1(G,Gm) = 0, then he applies (22). We remark that he proves everything in the fpq site.
However the same proof works in the fppf site. 
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We apply this result to G = Gλ,1. We have that the map
H1(S,G∨λ,1)−→Ext
1(Gλ,1,Gm)
is an isomorphism. Moreover the following is true.
Proposition 4.27. Let X be a normal integral sheme. For any nite and at ommutative
group sheme G over X,
i∗ : H1(X,G) −→ H1(Spec(K(X)), G|K(X))
is injetive, where i : Spec(K(X)) −→ X is the generi point.
Proof. A sketh of the proof has been suggested to us by F. Andreatta. We reall that for
any ommutative group sheme G′ over a sheme X ′ we have that H1(X ′, G′) is a group and
it lassies the G′-torsors over X ′. Suppose there exists a G-torsor f : Y −→ X suh that
i∗f : i∗Y → Spec(K(X)) is trivial. This means there exists a setion s of i∗f . We onsider the
sheme Y0 whih is the losure of s(Spec(K(X))) in Y . Then f|Y0 : Y0 −→ X is a nite birational
morphism with X a normal integral sheme. So, by Zariski's Main Theorem ([7, 4.4.6℄), we have
that f|Y0 is an open immersion, and so it is an isomorphism. So we have a setion of f and Y is
a trivial G-torsor. 
Remark 4.28. The hypothesis G nite and X normal are neessary. For the rst it is suient
to observe that any Gm-torsor is trivial on Spec(K(X)). For the seond one, onsider X =
Spec(k[x, y]/(xp−yp+1)) = Spec(A), with k any eld of harateristi p > 0, and Y the αp-torsor
Spec(A[T ]/(T p − y)). Generially this torsor is trivial sine we have y = (xy )
p
. But Y is not
trivial sine y is not a p-power in A.
Corollary 4.29. Let X be a normal integral sheme. Let f : Y −→ X be a morphism with a
rational setion and let g : G −→ G′ a map of nite and at ommutative group shemes over X,
whih is an isomorphism over Spec(K(X)). Then
f∗g∗ : H
1(X,G) −→ H1(Y,G′Y )
is injetive.
Proof. By hypothesis Spec(K(X)) −→ X fatorizes through f : Y −→ X . If i : Spec(K(X)) −→
X , we have
i∗ : H
1(X,G)
g∗
−→ H1(X,G′)
f∗
−→ H1(Y,G′Y ) −→ H
1(Spec(K(X)), GK(X)).
Therefore, by the previous proposition, it follows that
H1(X,G) −→ H1(Y,G′Y )
is injetive. 
Remark 4.30. The previous orollary an be applied, for instane, to the ase f = idX or to the
ase f : U −→ X an open immersion and g = idG. Roberts ([11, p. 692℄) has proved the orollary
in the ase f = idX , with X = Spec(A) and A the integer ring of a loal number eld.
By 4.26 and 4.27 we obtain the following result.
Corollary 4.31. Let G be a ommutative nite at group sheme over S. The restrition map
Ext1(G,Gm) −→ Ext
1(GK ,Gm|K)
is injetive.
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Let us onsider a ommutative nite and at group sheme G of order n. We also onsider the
nth power map n : Gm −→ Gm . It indues a morphism n∗ : Ext
1(G,Gm) −→ Ext
1(G,Gm). We
have the following ommutative diagram
H1(S,G∨) //
n∗

Ext1(G,Gm)
n∗

H1(S,G∨) // Ext1(G,Gm),
where the horizontal maps are isomorphisms by 4.39. We remark that n∗ : H
1(S,G∨) −→
H1(S,G∨) is the zero morphism sine the map n∗ : G
∨ −→ G∨, indued by n : Gm −→ Gm, is
the zero morphism. This proves the following lemma.
Lemma 4.32. Let G be a ommutative nite and at group sheme of order n. Then
n∗ : Ext
1(G,Gm) −→ Ext
1(G,Gm)
is the zero morphism.
4.7. Desription of Ext1(Gµ,1, Gλ,1). We nally have all the ingredients to give a desription
of the group Ext1(Gµ,1, Gλ,1). In partiular we will fous on the extensions whih are isomorphi,
as group shemes, to Z/p2Z on the generi ber.
First of all we remark that if v(µ1) = v(µ2) and v(λ1) = v(λ2) then
Ext1(Gµ1,1, Gλ1,1) ≃ Ext
1(Gµ2,1, Gλ2,1).
Indeed we know, by hypothesis, that there exist two isomorphisms ψ1 : Gλ1,1 −→ Gλ2,1 and ψ2 :
Gµ2,1 −→ Gµ1,1. Then we have that
(ψ1)∗ ◦ (ψ2)
∗ : Ext1(Gµ1,1, Gλ1,1) −→ Ext
1(Gµ2,1, Gλ2,1)
is an isomorphism.
We now reall what happens if v(µ) = v(λ) = 0. In this ase we have the following result.
Proposition 4.33. Let A be a d.v.r or a eld. Then there exists an exat sequene
0 −→ Z/pZ −→ Ext1A(µp, µp) −→ H
1(Spec(A),Z/pZ) −→ 0
Proof. The proposition is proved in [15, 3.7℄ when A a is d.v.r. The same proof works when A is
a eld. 
Let us dene the extension of µp by µp
Ei,A = Spec(A[S1, S2]/(S
p
1 − 1,
Sp2
Si1
− 1)).
It is the kernel of the morphism (Gm)2 −→ (Gm)2 given by (S1, S2) −→ (S
p
1 , S
−1
1 S
p
2 ) Then the
group Z/pZ in the above proposition is formed by the extensions Ei,A.
Denition 4.34. Let F ∈ Hom(Gµ,1|Sλ ,Gm|Sλ), j ∈ Z/pZ suh that
F (S)p(1 + µS)−j = 1 ∈ Hom(Gµ,1|Sλp ,Gm|Sλp ).
Let F˜ (S) ∈ R[S] be a lifting of F . We denote by E(µ,λ;F,j) the subgroup sheme of E(µ,λ;F ) given
on the level of shemes by
E(µ,λ;F,j) = Spec
(
R[S1, S2]/
((1 + µS1)p − 1
µp
,
(F˜ (S1) + λS2)
p(1 + µS1)
−j − 1
λp
))
.
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We moreover dene the following homomorphisms of group shemes
Gλ,1 −→ E
(µ,λ;F,j)
by
S1 7−→ 0
S2 7−→ S +
1− F˜ (0)
λ
and
E(µ,λ;F,j) −→ Gµ,1
by
S −→ S1.
It is easy to see that
0 −→ Gλ,1 −→ E
(µ,λ;F ) −→ Gµ,1 −→ 0
is exat. A dierent hoie of the lifting F˜ (S) gives an isomorphi extension. It is easy to see
that (E(µ,λ;F,j))K ≃ (Z/p2Z)K , as a group sheme, if j 6= 0 and (E(µ,λ;F,0))K ≃ (Z/pZ×Z/pZ)K .
Remark 4.35. In the above denition the integer j is uniquely determined by F ∈ Hom(Gµ,1|Sλ ,Gm|Sλ)
if and only if λp ∤ µ.
From the exat sequene over Sλ
0 −→ Gµ,1
i
−→ G(µ)
ψµ,1
−→ G(µ
p) −→ 0
we have that
(23) ker
(
i∗ : Homgr(G
(µ)
|Sλ
,Gm|Sλ) −→ Homgr(Gµ,1|Sλ ,Gm|Sλ)
)
= ψµ,1∗Homgr(G
(µp)
|Sλ
,Gm|Sλ)
So let F (S) ∈ Hom(Gµ,1|Sλp ,Gm|Sλp ). By 4.15 we an hoose a representant of F (S) in ∈
Hom(G(µ)|Sλp ,Gm|Sλp ) whih we denote again F (S) for simpliity. Therefore, by (23), we have
that F (S)p(1 + µS)−j = 1 ∈ Hom(Gµ,1|Sλp ,Gm|Sλp ) is equivalent to saying that there ex-
ists G ∈ Hom(G(µ
p)
|Sλp ,Gm|Sλp ) with the property that F (S)
p(1 + µS)−j = G( (1+µS)
p−1
µp ) ∈
Hom(G(µ)|Sλp ,Gm|Sλp ). This implies that E
(µ,λ;F,j)
an be seen as the kernel of the isogeny
ψjµ,λ,F,G : E
(µ,λ;F ) −→ E(µ
p,λp;G)
S1 7−→
(1 + µS1)
p − 1
µp
S2 7−→
(F˜ (S1) + λS2)
p(1 + µS1)
−j − G˜( (1+µS1)
p−1
µp )
λp
where F˜ , G˜ ∈ R[T ] are liftings of F and G.
As remarked in 4.18, if v(µ) ≥ v(λ) we an suppose
F˜ (S) =
p−1∑
i=0
ai
i!
Si
with ap ≡ 0 mod λ.
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Example 4.36. This example has been the main motivation for our denition of the group
shemes E(µ,λ;F,j). Let us dene
η =
p−1∑
k=1
(−1)k−1
k
λk(2).
We remark that v(η) = v(λ(2)). We onsider
F (S) = Ep(ηS) =
p−1∑
k=1
(ηS)k
k!
It has been shown in [22, 5℄ that, using our notation,
Z/p2Z ≃ E(λ(1),λ(1);Ep(ηS),1).
A similar desription of Z/p2Z was independently found by Green and Matignon ([5℄).
Example 4.37. It is easy to see that the group sheme Gλ,2 is isomorphi to
E(λ
p,λ;1,1).
Moreover if we have an extension of type E(µ,λ;F,j) with F (S) = 1 then v(µ) ≥ pv(λ). Indeed we
have that
E(µ,λ;1,j) = Spec
(
A[S1, S2]/
(
(1 + µS1)
p − 1
µp
,
(1 + λS2)
p(1 + µS1)
−j − 1
λp
))
.
Sine (1 + λS2)
p = 1 ∈ Homgr(Gµ,1|Sλp ,Gm|S
p
λ
) then
(1 + λS2)
p(1 + µS1)
−j = 1 ∈ Homgr(Gµ,1|Sλp ,Gm|Sλp )
if and only if v(µ) ≥ pv(λ). In partiular we remark that, in suh a ase, v(λ) ≤ v(λ(2)).
Otherwise
pv(λ) > pv(λ(2)) = v(λ(1)) ≥ v(µ),
whih is not possible.
Let us dene, for any µ, λ ∈ R with v(µ), v(λ) ≤ v(λ(1)), the group
radp,λ(< 1 + µS >) :=
{
(F (S), j) ∈ Homgr(Gµ,1|Sλ ,Gm|Sλ)× Z/pZ suh that
F (S)p(1 + µS)−j = 1 ∈ Hom(Gµ,1|Sλp ,Gm|Sλp )
}
/ < (1 + µS, 0) > .
We dene
β : radp,λ(< 1 + µS >) −→ Ext
1(Gµ,1, Gλ,1)
by
(F (S), j) 7−→ E(µ,λ;F (S),j)
We remark that the image of β is the set {E(µ,λ;F (S),j)}.
Lemma 4.38. β is a morphism of groups. In partiular the set {E(µ,λ;F (S),j)} is a subgroup of
Ext1(Gµ,1, Gλ,1).
Proof. Let i : Gλ,1 −→ G(λ). We remark that
i∗(β(F, j)) = i∗(E
(µ,λ;F (S),j)) = E˜(µ,λ;F ) = δ(F )
for any (F, j) ∈ radp,λ(< 1 + µS >). Moreover by onstrution
(E(µ,λ;F (S),j))K = (Ej)K ∈ Ext
1(µp,K , µp,K).
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Let (F1, j1), (F2, j2) ∈ radp,λ(< 1 + µS >). Then
(24) i∗(β(F1, j1) + β(F2, j2)− β(F1 + F2, j1 + j2)) = δ(F1) + δ(F2)− δ(F1 + F2) = 0
sine δ is a morphism of groups. And
(25) (β(F1, j1) + β(F2, j2)− β(F1 + F2, j1 + j2))K = Ej1,K + Ej2,K − Ej1+j2,K = 0,
sine Z/pZ ≃ Ext1(µp,K , µp,K) through the map j 7→ Ej,K . By (24) it follows that
β(F1, j1) + β(F2, j2)− β(F1 + F2, j1 + j2) ∈ ker i∗.
and then, by (9) and (11), we have
β(F1, j1) + β(F2, j2)− β(F1 + F2, j1 + j2) = (σj)
∗Λ.
for some j ∈ Z/pZ. By (25) it follows that
((σj)
∗Λ)K = Ej,K = 0,
therefore j = 0. So β is a morphism of groups. The last assertion is lear. 
We now give a desription of Ext1(Gµ,1, Gλ,1).
Theorem 4.39. Suppose that λ, µ ∈ R with v(λ(1)) ≥ v(λ), v(µ). The following sequene
0 −→ radp,λ(< 1 + µS >)
β
−→ Ext1(Gµ,1, Gλ,1)
αλ
∗
◦i∗
−→
−→ ker
(
H1(S,G∨µ,1) −→ H
1(Sλ, G
∨
µ,1)
)
is exat. In partiular β indues an isomorphism radp,λ(< 1 + µS >) ≃ {E(µ,λ;F,j)}.
Proof. Using (12) and 4.23, we onsider the following ommutative diagram
(26)
0 // {E˜(µ,λ;F )} //
ψ˜λ,1
∗

Ext1(Gµ,1,G(λ))
αλ
∗
//
ψλ,1
∗

Ext1(Gµ,1,Gm)
p∗

// Ext1(Gµ,1|Sλ ,Gm|Sλ)
p∗

0 // {E˜(µ,λ
p;G)} // Ext1(Gµ,1,G(λ
p))
αλ
p
∗
// Ext1(Gµ,1,Gm) // Ext
1(Gµ,1|Sλ ,Gm|Sλ)
The map ψ˜λ,1
∗
, indued by ψλ,1∗ : Ext
1(Gµ,1,G(λ)) −→ Ext
1(Gµ,1,G(λ
p)), is given by E˜(µ,λ;F ) 7−→
E˜(µ,λ
p;Fp)
. Now, sine Gµ,1 is of order p then, p∗ : Ext
1(Gµ,1,Gm)→ Ext
1(Gµ,1,Gm) is the zero
map (see 4.32). Moreover, by (22) and 4.26, we have the following situation
0 //H1(S,G∨µ,1) //

Ext1(Gµ,1,Gm)

//0
0 //H1(Sλ, G
∨
µ,1) // Ext
1(Gµ,1|Sλ ,Gm|Sλ)
whih implies that Im(αλ∗ ) ≃ ker(H
1(S,G∨µ,1) −→ H
1(Sλ, G
∨
µ,1)).
So applying the snake lemma to (26) we obtain
(27) 0 −→ ker(ψ˜λ,1
∗
)
eδ
−→ ker(ψλ,1
∗
)
αλ
∗−→ ker
(
H1(S,G∨µ,1) −→ H
1(Sλ, G
∨
µ,1)
)
.
We now divide the proof in some steps.
Connetion between ker(ψ˜λ,1∗) and radp,λ(< 1 + µS >). We are going to give the onne-
tion in the form of the isomorphism (31) below. We reall that, by (9), i : Gλ,1 −→ G(λ) indues
an isomorphism
(28) i∗ : Ext
1(Gµ,1, Gλ,1)/δ
′(Homgr(Gµ,1,G
(λp))) −→ ker(ψλ,1∗);
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for the denition of δ′ see (11).
By 4.23 we have an isomorphism
δ : Homgr(Gµ,1|Sλ ,Gm|Sλ)/rλ′(Homgr(Gµ,1,Gm)) −→ {E˜
(µ,λ;F )}
Through this identiation we an identify ker(ψ˜λ,1∗) with
(29)
{
F (S) ∈ Homgr(Gµ,1|Sλ ,Gm|Sλ)|∃i ∈ rλp(Homgr(Gµ,1,Gm)) suh that
F (S)p(1 + µS)−i = 1 ∈ Hom(Gµ,1|Sλp ,Gm|Sλp )
}
/ < 1 + µS > .
Moreover
(30) δ˜ : ker(ψ˜λ,1∗) →֒ Ext
1(Gµ,1, Gλ,1)/δ
′(Homgr(Gµ,1,G
(λp))) ⊆ Ext1(Gµ,1,G
(λ))
is dened by δ˜(F ) = δ(F ) = E˜(µ,λ;F ).
We now dene a morphism of groups
ι : ker(ψ˜λ,1∗) −→ rλp(Homgr(Gµ,1,Gm))
as follows: for any F (S) ∈ ker(ψ˜λ,1∗), ι(F ) = iF is the unique i ∈ rλp(Homgr(Gµ,1,Gm)) suh
that F (S)p(1 + µS)−i = 1 ∈ Hom(Gµ,1|Sλp ,Gm|Sλp ). The morphism of groups
ker(ψ˜λ,1
∗
)×Homgr(Gµ,1,G
(λp)) −→ radp,λ(< 1 + µS >)(31)
(F, j) 7−→ (F, iF + j)
is an isomorphism. We prove only the surjetivity sine the injetivity is lear. Now, if λp ∤ µ then
Homgr(Gµ,1,G
(λp)) = 0 and rλp(Homgr(Gµ,1,Gm)) = Z/pZ. So, if (F, j) ∈ radp,λ(< 1 + µS >),
then j ∈ rλp(Homgr(Gµ,1,Gm)). So iF = j. Hene (F, 0) 7→ (F, iF ) = (F, j). While if λp | µ then
Homgr(Gµ,1,G(λ
p)) = Z/pZ and rλp(Homgr(Gµ,1,Gm)) = 0. Hene
ker(ψ˜λ,1∗) =
{
F (S) ∈ Homgr(Gµ,1|Sλ ,Gm|Sλ)|F (S)
p = 1 ∈ Hom(Gµ,1|Sλp ,Gm|Sλp )
}
.
Let us now take (F, j) ∈ radp,λ(< 1 + µS >). This means that
F (S)p = (1 + µS)j = 1 ∈ Hom(Gµ,1|Sλp ,Gm|Sλp ).
Therefore F (S) ∈ ker(ψ˜λ,1
∗
) and iF = 0. So
(F, j) 7−→ (F, iF + j) = (F, j).
Interpretation of β.
We now dene the morphism of groups
̺ : ker(ψ˜λ,1∗) −→ Ext
1(Gµ,1, Gλ,1)
F 7−→ β(F, iF ) = E
(µ,λ;F,iF )
We reall the denition of δ′ given in (11):
δ′ : Homgr(Gµ,1,G
(λp)) −→ Ext1(Gµ,1, Gλ,1)
is dened by δ′(σi) = σ
∗
i (Λ). Then, under the isomorphism (31), we have
β = ̺+ δ′ : ker(ψ˜λ,1
∗
)×Homgr(Gµ,1,G
(λp))−→Ext1(Gµ,1, Gλ,1)
Injetivity of β.
First of all we observe that δ˜ fators through ̺, i.e.
(32) δ˜ = i∗ ◦ ̺ : ker(ψ˜λ,1∗)
̺
−→ Ext1(Gµ,1, Gλ,1)
i∗−→ ker(ψλ,1
∗
).
Indeed
i∗ ◦ ̺(F ) = i∗(E
(µ,λ;F,iF )) = E˜(µ,λ,F ) = δ˜(F ).
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In partiular, sine δ˜ is injetive, ̺ is injetive, too.
We now prove that β = ̺+ δ′ is injetive, too. By (28),
i∗ ◦ δ
′ = 0.
Now, if (̺+ δ′)(F, σi) = 0, then ̺(F ) = −δ′(σi). So
δ˜(F ) = i∗(̺(F )) = i∗(−δ
′(σi)) = 0.
But δ˜ is injetive, so F = 1. Hene δ′(σi) = 0. But by (9), also δ
′
is injetive. Then σi = 0.
Calulation of Imβ.
We nally prove Im(̺+ δ′) = ker(αλ∗ ◦ i∗). Sine δ˜ = i∗ ◦ ̺, α
λ
∗ ◦ δ˜ = 0
and i∗ ◦ δ′ = 0 then
αλ∗ ◦ i∗ ◦ (̺+ δ
′) = αλ∗ ◦ i∗ ◦ ̺+ α
λ
∗ ◦ (i∗ ◦ δ
′) = αλ∗ ◦ i∗ ◦ ̺ = α
λ
∗ ◦ δ˜ = 0.
So Im(̺+δ′) ⊆ ker(αλ∗◦i∗). On the other hand, if E ∈ Ext
1(Gµ,1, Gλ,1) is suh that α
λ
∗◦i∗(E) = 0,
then, by (27), there exists F ∈ ker(ψ˜λ,1
∗
) suh that i∗(E) = δ˜(F ) = i∗(̺(F )). Hene, by (28),
E−̺(F ) ∈ Im(δ′). Therefore Im(̺+ δ′) = ker(αλ∗ ◦ i
∗). Moreover sine i∗ : Ext
1(Gµ,1, Gλ,1) −→
ker(ψλ,1∗) is surjetive then Im(α
λ
∗ ) = Im(α
λ
∗ ◦ i∗). We have so proved, using also (27), that the
following sequene
0 −→ ker(ψ˜λ,1
∗
)×Homgr(Gµ,1,G
(λp))
̺+δ′
−→ Ext1(Gµ,1, Gλ,1)
αλ
∗
◦i∗
−→
−→ ker
(
H1(S,G∨µ,1) −→ H
1(Sλ, G
∨
µ,1)
)
is exat. Finally, by denitions, it follows that
β(radp,λ(< 1 + µS >)) = {E
(µ,λ;F,j)}.

Example 4.40. Let us suppose v(λ) = 0. In suh a ase radp,λ(< 1+ µT >) = Z/pZ. Hene by
the theorem we have
0 −→ {E(µ,λ;1,j)|j ∈ Z/pZ} −→ Ext1(Gµ,1, µp) −→ H
1(S,G∨µ,1) −→ 0.
Example 4.41. Let us now suppose v(µ) = 0 and v(λ) > 0. In suh a ase
Homgr(µp|Sλ ,Gm|Sλ) =< 1 + µT > .
Hene it is easy to see that
radp,λ(< 1 + µT >) = 0.
Therefore, by the theorem,
Ext1(µp, Gλ,1) −→ ker
(
H1(S,Z/pZ) −→ H1(Sλ,Z/pZ)
)
is an isomorphism.
Corollary 4.42. Under the hypothesis of the theorem, any extension E ∈ Ext1(Gµ,1, Gλ,1) is of
type E(µ,λ;F,j), up to an extension of R. In partiular any extension is ommutative.
Proof. Let E ∈ Ext1 (Gµ,1, Gλ,1). Suppose that αλ∗ (i∗E) = [S
′], with S′ −→ S a G∨µ,1-torsor. We
onsider the integral losure S′′ of S in S′K . Up to a loalization (in the ase S
′′ −→ S is étale),
we an suppose S′′ loal. So S′′ = Spec(R′′) where R′′ is a no÷therian loal integrally losed ring
of dimension 1, i.e. a d.v.r. (see [2, 9.2℄). Sine S′′K ≃ S
′
K , then S
′
K ×K S
′′
K is a trivial EK -torsor
over S′′K . By 4.27 we have that S
′ ×S S′′ is a trivial E-torsor trivial over S′′. So, if we make the
base hange f : S′′ → S, then αλ∗ (i∗(ES′)) = 0. By 4.39, this implies that E
′′
is of type
E(µ,λ,F,j).
28 DAJANO TOSSICI
Hene any E ∈ Ext1(Gµ,1, Gλ,1) is a ommutative group sheme over an extension R′ of R. So it
is a ommutative group sheme over R.

Remark 4.43. Any R-group sheme of order p2 is of type E(µ,λ,F,j), possibly after an extension of
R. Indeed, up to an extension of R, the generi ber of any R-group sheme is a onstant group.
Then the thesis follows from 4.1 and 4.42.
By 4.2 the extensions of Z/pZ by Z/pZ over K, whih are extensions of abstrat groups, are
lassied by H20 (Z/pZ,Z/pZ) ≃ Z/pZ (see for instane [15, 2.7℄). This group is formed by Ej,K
with j ∈ Z/pZ. If j 6= 0 we have that Ej,K is isomorphi, as a group sheme, to Z/p2Z, while if
j = 0 it is isomorphi to Z/pZ× Z/pZ. We also dene the following morphism of extensions
(33)
αµ,λ : E
(µ,λ;F,j) −→ Ej,R
S1 7−→ 1 + µS1
S2 7−→ F (S1) + λS2.
It is an isomorphism on the generi ber. Now, by the theorem, we get that E(µ,λ;F,j) are the
only extensions whih are isomorphi to Ej,K on the generi ber.
Corollary 4.44. The extensions of type E(µ,λ;F,j) are the only extensions E ∈ Ext1(Gµ,1, Gλ,1)
whih are isomorphi, as extensions, to Ej,K on the generi ber. In partiular they are the unique
nite and at R-group shemes of order p2 whih are models of onstant groups. More preisely,
they are isomorphi on the generi ber, as group shemes, to Z/p2Z if j 6= 0 and to Z/pZ×Z/pZ
if j = 0.
Proof. As remarked above any E(µ,λ;F,j) has the properties of the statement. We now prove that
they are the unique extensions of Gµ,1 by Gλ,1 to have these properties. Let E ∈ Ext
1(Gµ,1, Gλ,1)
be suh that EK ≃ Ej,K as group shemes. By 4.26, 4.33 and 4.39 we have the following ommu-
tative diagram
Ext1(Gµ,1, Gλ,1)
αλ
∗
◦i∗
//

ker
(
H1(S,G∨µ,1) −→ H
1(Sλ, G
∨
µ,1)
)

Ext1K(µp, µp)
αλ
∗
◦i∗
// Ext1K(µp,Gm) ≃ H
1(Spec(K),Z/pZ) // 0
where the vertial maps are the restritions to the generi ber. Suppose now that EK is of type
Ej,K . By 4.33 it follows that αλ∗ ◦ i∗(EK) = 0. Sine the above diagram ommutes, this means
that (αλ∗ ◦ i∗(E))K = 0. By 4.27 we have that the seond vertial map of the diagram is injetive.
This means that
αλ∗ ◦ i∗(E) = 0.
So 4.39 implies that E is of type E(µ,λ;F,j). Now, if G is a model of a onstant group, by 4.1 we
have that G is an extension E of Gµ,1 by Gλ,1. Moreover, sine EK is a onstant group, then
EK ∈ Ext
1(Z/pZ,Z/pZ). Therefore EK ≃ Ej for some j. So, by what we just proved, E is of type
E(µ,λ;F,j). The last assertion is lear. 
4.8. Ext1(Gµ,1, Gλ,1) and the Sekiguhi-Suwa theory. We now give a desription of E
(µ,λ;F,j)
through the Sekiguhi-Suwa theory. We study separately the ases λ ∤ µ and λ|µ.
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Corollary 4.45. Let µ, λ ∈ R be with v(λ(1)) ≥ v(λ) > v(µ). Then, no E ∈ Ext
1(Gµ,1, Gλ,1) is
a model of (Z/p2Z)K . Moreover, if p > 2 and v(µ) > 0, the group {E(µ,λ;F,j)} is isomorphi to{
a ∈ Ŵ (R/λR)
F−[µp−1]
|∃b ∈ Ŵ (R/λpR)
F−[µp(p−1)]
suh that
pa = [
p
µp−1
]b+ V (b) ∈ Ŵ (R/λpR)
}/
< [µ],
{
[
p
µp−1
]b+ V (b)|b ∈Ŵ (R/λpR)
F−[µp(p−1)]
}
>,
through the map
a 7−→ E(µ,λ;Ep(a,µ;S),0).
Remark 4.46. We know by 4.16, 4.15 and 4.10 that any element of the set dened above an be
hosen of the type [a] for some a ∈ (R/λR)F−[µ
p−1]
. So, if we have two elements as above of the
form [a] and [b] then [a] + [b] = [c] for some c ∈ (R/λR)F−[µ
p−1]
. We are not able to desribe
expliitly this element. If we were able to do it we ould have a simpler desription of the above
set, as it happens in the ase v(µ) ≥ v(λ). We will see this in 4.47.
Proof. We now prove the rst statement. We remark that by 4.44 it is suient to prove the
statement only for the extensions in {E(µ,λ;F,j)}. Let us onsider the restrition map
r : Homgr(Gµ,1|Sλp ,Gm|Sλp ) −→ Homgr(Gµ,1|Sλ ,Gm|Sλ).
The morphism p : Homgr(G
(µ)
|Sλ
,Gm|Sλ)−→Homgr(G
(µ)
|Sλp ,Gm|Sλp ) dened in (7) is given by
F (S) 7→ F (S)p and indues a map
Homgr(Gµ,1|Sλ ,Gm|Sλ)
p
−→ Homgr(Gµ,1|Sλp ,Gm|Sλp ).
Then
Homgr(Gµ,1|Sλ ,Gm|Sλ)
p
−→ Homgr(Gµ,1|Sλp ,Gm|Sλp )
r
−→ Homgr(Gµ,1|Sλ ,Gm|Sλ)
is the trivial morphism. Indeed
(r ◦ p)(F (S)) = F (S)p ∈ Homgr(Gµ,1|Sλ ,Gm|Sλ),
whih is zero by denition of group sheme morphisms and by the fat that Gµ,1 has order p.
Now let us take
F (S) ∈ radp,λ(< 1 + µS >) ≃ {E
(µ,λ;F,j)}.
By denition
F (S)p(1 + µS)−j = 1 ∈ Hom(Gµ,1|Sλp ,Gm|Sλp ),
for some j ∈ Z/pZ. Hene
r(F (S)p(1 + µS)−j) = (1 + µS)−j = 1 ∈ Homgr(Gµ,1|Sλ ,Gm|Sλ).
If (E(µ,λ;F,j))K ≃ (Z/p2Z)K then j 6= 0. Therefore
(1 + µS)−j = 1 ∈ Homgr(Gµ,1|Sλ ,Gm|Sλ)
means v(µ) ≥ v(λ). So, if v(µ) < v(λ), neessarily j = 0. Hene
radp,λ(< 1 + µS >) :=
{
F (S) ∈ Homgr(Gµ,1|Sλ ,Gm|Sλ) suh that
F (S)p = 1 ∈ Hom(Gµ,1|Sλp ,Gm|Sλp )
}
/ < 1 + µS > .
Therefore by 4.39, 4.15 and (8) we have the thesis. 
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Corollary 4.47. Let us suppose p > 2. Let µ, λ ∈ R \ {0} be with v(λ(1)) ≥ v(µ) ≥ v(λ). Then,
{E(µ,λ;F,j)} is isomorphi to the group
Φµ,λ :=
{
(a, j) ∈ (R/λR)F × Z/pZ suh that pa− jµ =
p
µp−1
ap ∈ R/λpR
}
,
through the map
(a, j) 7−→ E(µ,λ;
Pp−1
i=0
ai
i! S
i,j).
Remark 4.48. It is lear that if (0, j) ∈ Φµ,λ, with j 6= 0, then µ ≡ 0 mod λp.
Proof. By 4.15, 4.22, (8) and 4.40 (for the ase v(λ) = 0) it follows that radp,λ(< 1 + µS >) is
isomorphi to
(34)
{
(a, j) ∈ (R/λR)F × Z/pZ|∃b ∈ Ŵ (R/λpR)
F
suh that p[a]− j[µ] =[
p
µp−1
]b+ V (b) ∈ Ŵ (R/λpR)
}
.
Let a, j and b = (b0, b1, . . . ) be as above.
By [22, 5.10℄,
p[a] ≡ (pa, ap, 0, . . . ) mod p2.
Sine [µ] ∈ Ŵ (R/λpR)F it follows by 4.9 that
(35) j[µ] = [jµ]
and
(36) p[a]− j[µ] = (pa− jµ, ap, 0, 0, . . . , 0, . . . ) ∈ Ŵ (R/λpR).
We reall that
[
p
µp−1
]b = (
p
µp−1
b0, . . . , (
p
µp−1
)p
i
bi, . . . ),
then, again by 4.9, we have
(37) [
p
µp−1
]b+ V (b) = (
p
µp−1
b0, (
p
µp−1
)pb1 + b0, . . . , (
p
µp−1
)p
i+1
bi+1 + bi, . . . ).
Sine b ∈ Ŵ (R/λpR) there exists r ≥ 0 suh that bi = 0 for any i ≥ r. Moreover, omparing
(36) and (37), it follows
(
p
µp−1
)p
i
bi+1 + bi = 0 for i ≥ 1
(
p
µp−1
)pb1 + b0 = a
p
(
p
µp−1
)pb0 = pa− jµ.
So bi = 0 if i ≥ 1, b0 = ap and pa− jµ =
p
µp−1 a
p
. 
Example 4.49. Let us suppose µ = λ = λ(1). Then Gλ(1) ≃ Z/pZ. By 4.36, 4.47 and 4.39 we
have that
{(kη, k)|k ∈ Z/pZ} ⊆ Φλ(1),λ(1) ≃ radp,λ(1)(< 1 + λ(1)S >).
On the other hand by 4.39 and 4.44 it follows that radp,λ(1) (< 1+λ(1)S >) ≃ H
2
0 (Z/pZ,Z/pZ) ≃
Z/pZ. Therefore {(kη, k)|k ∈ Z/pZ} ≃ radp,λ(1) (< 1 + λ(1)S >).
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We now onentrate on to the ase v(µ) ≥ v(λ), whih is the unique ase, as proved in 4.45,
where extensions of Gµ,1 by Gλ,1 ould be models of Z/p2Z, as group shemes. Our task is to
nd expliitly all the solutions (a, j) ∈ (R/λR)F of the equation pa− jµ = ap ∈ R/λpR. By 4.47
this means nding expliitly all the extensions of type E(µ,λ;F,j). Let us onsider the restrition
map
r : {E(µ,λ;F,j)} −→ Ext1K(µp, µp) ≃ Z/pZ.
We remark that it oinides with the projetion
p2 :
{
(a, j) ∈ (R/λR)F × Z/pZ suh that pa− jµ =
p
µp−1
ap ∈ R/λpR
}
−→ Z/pZ
So there is an extension of Gµ,1 byGλ,1 whih is a model of (Z/p2Z)K if and only if p2 is surjetive.
First of all we desribe expliitly the kernel of the above map.
Lemma 4.50. We have
ker p2 =
{
(a, 0) ∈ R/λR×Z/pZ s. t., for any lifting a˜ ∈ R,
pv(a˜) ≥ max{pv(λ) + (p− 1)v(µ)− v(p), v(λ)}
}
In partiular p2 is injetive if and only if v(λ) ≤ 1 or v(p)− (p− 1)v(µ) < p.
Proof. Let (a, 0) ∈ ker p2 ∩R/λR× Z/pZ. By the denitions we have that
pa =
p
µp−1
ap ∈ R/λpR and ap = 0 ∈ R/λR.
Let a˜ ∈ R be a lift of a. Sine v(µ) ≥ v(λ), if a 6= 0 then v(a˜) < v(µ). Hene
(38) v(p) + v(a˜) > pv(a˜) + v(p)− (p− 1)v(µ)
Therefore
pa =
p
µp−1
ap ∈ R/λpR
if and only if
p
µp−1
ap = 0 ∈ R/λpR,
if and only if
pv(a˜) + v(p)− (p− 1)v(µ) ≥ pv(λ).
We remark that ap = 0 ∈ R/λR means pv(a˜) ≥ v(λ). So we have proved the rst assertion. Now
if v(λ) ≤ 1 or v(p)− (p− 1)v(µ) < p it is easy to see that there are no nonzero elements in ker p2.
While if v(λ) > 1 and v(p) − (p − 1)v(µ) ≥ p, take a ∈ R/λR with a lifting a˜ ∈ R of valuation
v(λ) − 1. Therefore
p(v(λ)− 1) ≥ max{pv(λ)− v(p) + (p− 1)v(µ), v(λ)}.
Hene (a, 0) ∈ ker p2. 
We remark that ker p2 depends only on the valuations of µ and λ. So we an easily ompute
Φµ,λ, too.
Proposition 4.51. Let us suppose p > 2. Let µ, λ ∈ R \ {0} be with v(λ(1)) ≥ v(µ) ≥ v(λ).
a) If v(µ) < pv(λ) then p2 is surjetive if and only if pv(µ) − v(λ) ≥ v(p). And, if p2 is
surjetive, Φµ,λ is isomorphi to the group
{(jη
µ
λ(1)
+ α, j)|(α, 0) ∈ ker(p2) and j ∈ Z/pZ}
For the denition of η see 4.36.
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b) If v(µ) ≥ pv(λ) then p2 is surjetive and Φµ,λ is isomorphi to
{(α, j)|(α, 0) ∈ ker(p2) and j ∈ Z/pZ} ≃ ker p2 × Z/pZ.
) If p2 is not surjetive then p2 is the zero morphism. So Φµ,λ = ker p2.
Remark 4.52. Let us suppose v(µ) < pv(λ). Let (b, j) ∈ Φµ,λ with j 6= 0. By 4.48, then b 6= 0.
Let b˜ ∈ R be any of its lifting. Then v(b˜) = v(η µλ(1) ) = v(µ) −
v(p)
p . Indeed, by the theorem, we
have b˜ = η µλ(1) + α for some α ∈ R/λR with v(α˜) > v(η
µ
λ(1)
) = v(µ) − v(p)p , where α˜ ∈ R is any
lifting of α.
Proof. a) First, we suppose that p2 is surjetive. This is equivalent to saying that
(39) pa− jµ =
p
µp−1
ap ∈ R/λR
has a solution a ∈ (R/λR)F if j 6= 0. Sine v(µ) < v(p), by (38) it follows that
(40) v(µ) = v(p) − (p− 1)v(µ) + pv(a˜),
with a˜ ∈ R a lifting of a. Sine a ∈ (R/λR)F we have pv(a˜) ≥ v(λ). Hene, by (40),
pv(µ)− v(λ) ≥ v(p).
Conversely let us suppose that pv(µ)− v(λ) ≥ v(p). We know by 4.36 and 4.44 that
pη − λ(1) =
p
λp−1(1)
ηp ∈ R/λp(1)R.
We reall that v(η) = v(λ(2)). Sine pv(λ(1)) − v(λ(1)) + µ ≥ pµ ≥ pλ, if we divide the
above equation by
λ(1)
µ we obtain
pη
µ
λ(1)
− µ =
p
µ(p−1)
(
µ
λ(1)
η)p ∈ R/λpR.
We remark that η µλ(1) ∈ (R/λR)
F
, sine, by hypothesis, v(
(
η µλ(1)
)p
) = pv(µ)−v(p) ≥ v(λ).
Clearly jη µλ(1) is a solution of (39) for any j ∈ Z/pZ.
In partiular it follows that, if p2 is surjetive, Φµ,λ is isomorphi to the group
{(jη
µ
λ(1)
+ α, j)|(α, 0) ∈ ker(p2) and j ∈ Z/pZ}
b) If v(µ) ≥ pv(λ) then we have that µ = 0 ∈ R/λpR. We remark that (0, j) ∈ Φµ,λ.
This implies that p2 is surjetive and that (α, j) ∈ R/λR × Z/pZ ∩ Φµ,λ if and only if
(α, 0) ∈ ker(p2).
) Sine p2 is a morphism of groups with target Z/pZ then the image of p2 is a subgroup of
Z/pZ. Then the image of p2 is trivial or it is equal to Z/pZ. The assertion follows.

Example 4.53. Let us suppose v(µ) = v(λ(1)), i.e. Gµ,1 ≃ Z/pZ. For simpliity we will suppose
µ = λ(1). Then p2 is an isomorphism. Indeed in this ase ker(p2) = 0 by 4.50 and it is surjetive
by 4.51(a)-(b). This means that, in this ase, any extension E(λ(1),λ;F,j) is uniquely determined
by the indued extension over K. Let us now onsider the map
Ext1(Gλ(1),1, Gλ(1),1) −→ Ext
1(Gλ(1),1, Gλ,1)
indued by the map Z/pZ ≃ Gλ(1),1 −→ Gλ,1 given by S 7→
λ(1)
λ S. It is easy to see that E
(λ(1),λ;F,j)
is the image of E(λ(1),λ(1);Ep(ηS),j) through the above map. Indeed from the above proposition we
have that F (S) ≡ Ep(ηS) mod λ. We remark that if pv(λ) ≤ v(λ(1)) then η ≡ 0 mod λ, indeed
in suh a ase v(λ) ≤ v(λ(2)) = v(η).
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4.9. Classiation of models of (Z/p2Z)K . By the previous paragraphs we have a lassiation
of extensions of Gµ,1 by Gλ,1 whose generi bre is isomorphi, as group sheme, to Z/p2Z. But
this lassiation is too ne for our tasks. We want here to forget the struture of extension. We
are only interested in the group sheme struture. We observe that it an happen that two non
isomorphi extensions are isomorphi as group shemes. We here study when it happens.
First of all we reall what the model maps between models of Z/pZ are. Let us suppose ̺, ˜̺ ∈ R
with v(̺), v(˜̺) ≤ v(λ(1)). Sine G̺,1 is at over R, by 4.13 it follows that the restrition map
Homgr(G̺,1, G˜̺,1) −→ Homgr((G̺,1)K , (G˜̺,1)K) ≃ Z/pZ
in an injetion. It follows easily by (10) that
Homgr(G̺,1, G˜̺ ,1) =
{
Z/pZ, if v(̺) ≥ v(˜̺);
0, if v(̺) < v(˜̺),
where, in the rst ase, the morphisms are given by S 7−→ (1+̺S)
r−1
˜̺ with r ∈ Z/pZ. We remark
that, if v(̺) = v(˜̺) and r 6= 0, these morphisms are isomorphisms.
We now reall that by 4.1, 4.44, 4.47 and 4.45 any model of (Z/p2Z)K is of the form E(µ,λ;F,j)
suh that j 6= 0, v(λ(1)) ≥ v(µ) ≥ v(λ) and F (S) =
∑p−1
i=0
ai
i! S
i
with (a, j) ∈ Φµ,λ. See 4.51 for
the expliit desription of Φµ,λ. For i = 1, 2 let us onsider E(µi,λi;Fi,ji), models of (Z/p2Z)K .
First of all we remark that there is an injetion
rK : Hom(E
(µ1,λ1,F1,j1), E(µ2,λ2,F2,j2)) −→ HomK(Ej1,K , Ej2,K)
given by
f 7−→ (αµ2,λ2)K ◦ fK ◦ (αµ1,λ1)
−1
K
See (33) for the denition αµ,λ. We reall that
Hom(Ej1 , Ej2) ≃ HomK(Ej1,K , Ej2,K).
and the elements are the morphisms
ψr,s : Ej1 −→ Ej2 ,
whih, on the level of Hopf algebras, are given by
S1 7−→ S
rj1
j2
1(41)
S2 7−→ S
s
1S
r
2 ,(42)
for some r ∈ Z/pZ and s ∈ Z/pZ. Moreover the map
Hom(Ej1 , Ej2) −→ Z/p
2Z
ψr,s 7−→ r +
p
j1
s
is an isomorphism. So Hom(E(µ1,λ1,F1,j1), E(µ2,λ2,F2,j2)) is a subgroup of Z/p2Z through the map
rK . We remark that the unique nontrivial subgroup of Hom(Ej1 , Ej2) is {ψ0,s|s ∈ Z/pZ}. Finally
we have that any morphism E(µ1,λ1,F1,j1) −→ E(µ2,λ2,F2,j2)) is given by
(43)
S1 −→
(1 + µ1S1)
rj1
j2 − 1
µ2
S2 −→
(F1(S1) + λ1S2)
r(1 + µ1S1)
s − F2(
(1+µ1S1)
rj1
j2 −1
µ2
)
λ2
,
for some r, s ∈ Z/pZ. With abuse of notation we all it ψr,s. We remark that the morphisms
ψr,s : E(µ1,λ1,F1,j1) −→ E(µ2,λ2,F2,j2) whih are model maps orrespond, by (41), to r 6= 0. In
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suh a ase ψr,s is a morphism of extensions, i.e. there exist morphisms ψ1 : Gλ,1 −→ Gλ,2 and
ψ2 : Gµ,1 −→ Gµ,2 suh that
(44)
0 //Gλ1,1 //
ψ1

E(µ1,λ1,F1,j1)
ψr,s

//Gµ1,1 //
ψ2

0
0 //Gλ2,1 //E
(µ2,λ2,F2,j2) //Gµ2,1 //0
ommutes. More preisely ψ1 is given by S 7→
(1+λ1S)
r−1
λ2
and ψ2 by S 7→
(1+µS1)
rj1
j2 −1
µ2
.
We now alulate Hom(E(µ1,λ1,F1,j1), E(µ2,λ2,F2,j2)).
Proposition 4.54. For i = 1, 2, if Fi(S) = Ep(aiS) =
∑p−1
k=0
aki
k! S
i
and Ei = E(µi,λi;Fi,ji) are
models of (Z/p2Z)K we have
Hom(E1, E2) =


0, if v(µ1) < v(λ2);
{ψr,s} ≃ Z/p2Z, if v(µ2) ≤ v(µ1), v(λ2) ≤ v(λ1)
and a1 ≡
j1
j2
µ1
µ2
a2 mod λ2;
{ψ0,s} ≃ Z/pZ, otherwise.
Proof. It is immediate to see that ψ0,s ∈ Hom(E1, E2), with s 6= 0, if and only if v(µ1) ≥ v(λ2).
We now see onditions for the existene of ψr,s with r 6= 0. If it exists, in partiular, we have two
morphisms Gµ1,1 −→ Gµ2,1 and Gλ1,1 −→ Gλ2,1. This implies v(µ1) ≥ v(µ2) and v(λ1) ≥ v(λ2).
Moreover we have that
F1(S1)
r(1 + µ1S1)
s = F2(
(1 + µ1S1)
rj1
j2 − 1
µ2
) ∈ Hom(Gµ1,1|Sλ2
,Gm|Sλ2 ).
Sine v(µ1) ≥ v(µ2) ≥ v(λ2), we have
(45) F1(S1)
r = F2(
(1 + µ1S1)
rj1
j2 − 1
µ2
) ∈ Hom(Gµ1,1|Sλ2
,Gm|Sλ2 ).
If we dene the morphism of groups
[
µ1
µ2
]∗ : Hom(Gµ2,1|Sλ2
,Gm|Sλ2 ) −→ Hom(Gµ1,1|Sλ2
,Gm|Sλ2 )
F (S1) 7−→ F (
µ1
µ2
S1)
then
F2(
(1 + µ1S1)
rj1
j2 − 1
µ2
) = [
µ1
µ2
]∗
(
F2
(
(1 + µ1S1)
rj1
j2 − 1
µ1
))
= [
µ1
µ2
]∗(F2(S1))
rj1
j2
= F2(
µ1
µ2
(S1))
rj1
j2 .
Therefore we have
(46) F1(S1)
r = (F2(
µ1
µ2
S1))
rj1
j2 ∈ Hom(Gµ1,1|Sλ2
,Gm|Sλ2 ).
Every element of Hom(Gµ1,1|Sλ ,Gm|Sλ) has order p. Let t be an inverse for r modulo p. Then
raising the equality to the tth-power we obtain
F1(S1) = (F2(
µ1
µ2
S1))
j1
j2 ∈ Hom(Gµ1,1|Sλ2
,Gm|Sλ2 ).
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By 4.22 this means
a1 ≡
j1
j2
µ1
µ2
a2 mod λ2.
It is onversely lear that, if v(µ1) ≥ v(µ2), v(λ1) ≥ v(λ2) and
F1(S1) = (F2(
µ1
µ2
S1))
j1
j2 ∈ Hom(Gµ1,1|Sλ2
,Gm|Sλ2 ),
then (43) denes a morphism of group shemes.

We have the following result whih gives a riterion to determine the lass of isomorphism, as
a group sheme, of an extension of type E(µ,λ;F,j).
Corollary 4.55. For i = 1, 2, let Fi(S) = Ep(aS) =
∑p−1
k=0
aki
k! S
k
and let Ei = E(µi,λi;Fi,ji) be
models of (Z/p2Z)K . Then they are isomorphi if and only if v(µ1) = v(µ2), v(λ1) = v(λ2)
and a1 ≡
j1
j2
µ1
µ2
a2 mod λ2. Moreover if it happens then any model map between them is an
isomorphism.
Proof. By the proposition we have that a model map ψr,s : E(µ1,λ1,F1,j1) −→ E(µ2,λ2,F2,j2) exists if
and only if v(µ1) ≥ v(µ2), v(λ1) ≥ v(λ2) and a1 ≡
j1
j2
µ1
µ2
a2 mod λ2. It is a morphism of extensions
as remarked before the proposition. Let us onsider the ommutative diagram (41). Then ψr,s is
an isomorphism if and only if ψi is an isomorphism for i = 1, 2. By the disussion made at the
beginning of this setion this is equivalent to requiring v(µ1) = v(µ2) and v(λ1) = v(λ2). This
also proves the last assertion. 
We remarked that if v(µ1) = v(µ2) and v(λ1) = v(λ2) then
Ext1(Gµ1,1, Gλ1,1) ≃ Ext
1(Gµ2,1, Gλ2,1).
The following is a more preise statement for extensions of type E(µ,λ;F,j).
Corollary 4.56. Let E(µ1,λ1;Ep(aS),j) ∈ Ext1(Gµ1,1, Gλ1,1) be a model of Z/p
2Z. Then for any
µ2, λ2 suh that v(µ1) = v(µ2) and v(λ1) = v(λ2) we have
E(µ1,λ1;Ep(aS),j) ≃ E(µ2,λ2;Ep(
a
j
µ2
µ1
S),1)
as group shemes.
Proof. Firstly we prove that there exists the group sheme E(µ2,λ2;Ep(
a
j
µ2
µ1
S),1)
. By 4.47 we have
that a ∈ (R/λR)F and
(47) pa− jµ1 =
p
µp−11
ap mod λp1.
Then, multiplying (47) by
µ2
µ1
1
j , we have
p
aµ2
jµ1
− µ2 ≡
p
µp−12
(
aµ2
jµ1
)p
mod λp2.
Hene E(µ2,λ2;Ep(
a
j
µ2
µ1
S),1)
is a group sheme (see again 4.47). Then by the above proposition we
an onlude that
E(µ1,λ1;Ep(aS),j) ≃ E(µ2,λ2;Ep(
a
j
µ2
µ1
S),1)
as group shemes.

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Example 4.57. Let µ, λ ∈ R be suh that v(µ) = v(λ) = v(λ(1)). We now want to desribe
Z/p2Z as E(µ,λ;F,1). We reall that we dened
η =
p−1∑
k=1
(−1)k−1
k
λk(2)
By 4.36 and the previous orollary we have
Z/p2Z ≃ E
(µ,λ;Ep(η
µ
λ(1)
S),1)
.
We onlude the setion with the omplete lassiation of (Z/p2Z)K -models. The following
theorem summarizes the above results.
Theorem 4.58. Let us suppose p > 2. Let G be a nite and at R-group sheme suh that
GK ≃ (Z/p2Z)K . Then G ≃ E(pi
m,pin;Ep(aS),1)
for some v(λ(1)) ≥ m ≥ n ≥ 0 and (a, 1) ∈ Φpim,pin .
Moreover m,n and a ∈ R/πnR are unique.
Remark 4.59. The expliit desription of the set Φpim,pin has been given in 4.51 and 4.50.
Proof. By 4.1, 4.44, 4.45, 4.47 and 4.56 any model of (Z/p2Z)K is of type E(pi
m,pin;Ep(aS),1)
with
m ≥ n and (a, 1) ∈ Φpim,pin . By 4.55, it follows that,
E(pi
m1 ,pin1 ,Ep(a1S),1) ≃ E(pi
m2 ,pin2 ,Ep(a2S),1)
as group shemes if and only if m1 = m2, n1 = n2 and a1 = a2 ∈ R/πn1R. 
5. Redution on the speial fiber of the models of (Z/p2Z)K
In the following we study the speial bers of the extensions of type E(λ,µ,;F,j) with v(µ) ≥
v(λ). In partiular, by 4.45, this inludes the extensions whih are models of (Z/p2Z)K as group
shemes. We study separately the dierent ases whih an our.
5.1. Case v(µ) = v(λ) = 0. We have (Gλ,1)k ≃ (Gµ,1)k ≃ µp. The extensions of type E
(λ,µ,;F,j)
are the extensions Ei with i ∈ Z/pZ. The speial bers of the extensions Ei with i ∈ Z/pZ are
learly Ei,k. See also 4.33.
5.2. Case v(λ(1)) ≥ v(µ) > v(λ) = 0. In suh a ase we have (Gλ,1)k ≃ µp. It is immediate by
the denitions that any extension E(µ,λ;1,j) is trivial on the speial ber.
5.3. Case v(λ(1)) > v(µ) ≥ v(λ) > 0. Then (Gµ,1)k ≃ (Gλ,1)k ≃ αp,k.
First, we reall some results about extensions of group shemes of order p over a eld k. See
[4, III 6 7.7.℄ for a referene.
Theorem 5.1. Let us suppose that αp ats trivially on αp over k. The exat sequene
0 −→ αp → Ga
F
→ Ga → 0
indues the following split exat sequene
0 −→ Homk(αp,Ga) −→ Ext
1(αp, αp) −→ Ext
1(αp,Ga) −→ 0.
It is also known that
Ext1(Ga,Ga) ≃ H
2
0 (Ga,Ga) −→ H
2
0 (αp,Ga) ≃ Ext
1(αp,Ga).
is surjetive. Sine Ext1(Ga,Ga) ≃ H20 (Ga,Ga) is freely generated as a right k[F]-module by Ci =
Xp
i
+Xp
i
−(X+Y )p
i
pi and Di = XY
pi
for all i ∈ N \ {0}, it follows that H20 (αp,Ga) ≃ Ext
1(αp,Ga)
is freely generated as right k-module by the lass of the oyle C1 =
Xp+Xp−(X+Y )p
p . So
Ext1(αp,Ga) ≃ k.
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Moreover it is easy to see that Homk(αp,Ga) ≃ k. The morphisms are given by T 7→ aT with
a ∈ k. By these remarks we have that the isomorphism
Homk(αp,Ga)× Ext
1(αp,Ga) −→ Ext
1(αp, αp),
dedued from 5.1, is given by
(β, γC1) 7→ Eβ,γ .
The extension Eβ,γ is so dened:
Eβ,γ = Spec(k[S1, S2]/(S
p
1 , S
p
2 − βS1))
(1) law of multipliation
S1 7−→S1 ⊗ 1 + 1⊗ S1
S2 7−→S2 ⊗ 1 + 1⊗ S2 + γ
Sp1 ⊗ 1 + 1⊗ S
p
1 − (S1 ⊗ 1 + 1⊗ S1)
p
p
(2) unit
S1 7−→ 0
S2 7−→ 0
(3) inverse
S1 7−→ −S1
S2 7−→ −S2
It is lear that all suh extensions are ommutative. In [22, 4.3.1℄ the following result was proved.
Proposition 5.2. Let λ, µ ∈ πR \ {0}. Then [E
(µ,λ;Ep(a,µ,S))
k ] ∈ H
2
0 (Ga,k,Ga,k) oinides with
the lass of
∞∑
k=1
(F−[µp−1])(a˜)
λ
Ck,
where a˜ ∈ Ŵ (R) is a lifting of a ∈ Ŵ (R/λR).
We dedue the following orollary about the extensions of αp by Ga.
Corollary 5.3. Let λ, µ ∈ πR \ {0}. Then [E˜
(µ,λ;Ep(a,µ,S))
k ] ∈ H
2
0 (αp,k,Ga,k) oinides with the
lass of
(F−[µp−1])(a˜)
λ
C1,
where a˜ ∈ Ŵ (R) is a lifting of a ∈ Ŵ (R/λR).
Proof. This follows from the fat that E
(µ,λ;Ep(a ,µ,S))
k 7→ E˜
(µ,λ;Ep(a ,µ,S))
k through the map
Ext1(Ga,Ga) ≃ H
2
0 (Ga,Ga) −→ H
2
0 (αp,Ga) ≃ Ext
1(αp,Ga).

Let us take an extension E(µ,λ;Ep(aS),j). Let a˜ be a lifting of a. We have that on the speial
ber this extension is given as a sheme by
E
(µ,λ;Ep(aS),j)
k = Spec(k[S1, S2]/(S
p
1 , S
p
2 − (−
(
∑p−1
i=0
a˜i
i! S
i)p(1 + µS1)
−j − 1
λp
))).
By 4.47 we know that
pa− jµ−
p
µp−1
ap = 0 ∈ R/λpR
In the proof of the same orollary we have seen that
p[a]− j[µ]− [
p
µp−1
ap]− V ([ap]) = [pa− jµ−
p
µp−1
ap] ∈ Ŵ (R/λpR).
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By the denitions we have the following equality in Hom(G
(µ)
|Sλp
,Gm|Sλp )
ξ0R/λpR(p[a]− j[µ]− [
p
µp−1
ap]−V ([ap])) = Ep(aS1)
p(1+µS1)
−j
(
Ep
(
ap
(
(1 + µS1)
p − 1
µ
)))−1
.
Moreover we have
ξ0R/λpR([pa− jµ−
p
µp−1
ap]) = Ep((pa− jµ−
p
µp−1
ap)S1)
So we have that
(
p−1∑
i=0
a˜i
i!
Si1)
p(1 + µS1)
−j − 1 ≡
p−1∑
i=0
(pa− jµ− pµp−1 a
p)iSi1
i!
− 1
≡ 0 mod λp
(
R[S1]/(
(1 + λS1)
p − 1
λp
)
)
.
Hene
(
∑p−1
i=0
a˜i
i! S
i
1)
p(1 + µS1)
−j − 1
λp
≡
∑p−1
i=0
(pa−jµ− p
µp−1
ap)i
i! S
i
1 − 1
λp
≡
(pa− jµ− pµp−1 a
p)
λp
S1 mod π.
On the other hand E
(µ,λ;Ep(aS),j)
k 7→ E˜
(µ,λ;Ep(aS))
k through the map Ext
1(αp, αp)→ Ext
1(αp,Ga).
Therefore E
(µ,λ;Ep(aS),j)
k ≃ Eβ,γ with β = (−
pa˜−jµ− p
µp−1
a˜p
λp mod π) and γ = (
a˜p
λ mod π). We
have so proved the following result.
Proposition 5.4. Let λ, µ ∈ πR be suh that v(λ) ≤ v(µ) < v(λ(1)). Then [E
(µ,λ;Ep(aS),j)
k ] ∈
Ext1k(αp, αp) oinides with the lass of(
−
pa˜− jµ− pµp−1 a˜
p
λp
,
a˜p
λ
C1
)
,
where a˜ ∈ R is a lifting of a ∈ R/λR.
5.4. Case v(λ(1)) = v(µ) > v(λ) > 0. In this situation we have
(Gµ,1)k ≃ Z/pZ and (Gλ,1)k ≃ αp.
Proposition 5.5. Let λ, µ ∈ πR be suh that v(µ) = v(λ(1)) > v(λ). Then E
(µ,λ;Ep(aS),j)
k is the
trivial extension.
Proof. We an suppose µ = λ(1). From 4.53 it follows that E
(λ(1),λ;F,j)
is in the image of the
morphism
Ext1(Gλ(1),1, Gλ(1),1) −→ Ext
1(Gλ(1),1, Gλ,1)
indued by the map Z/pZ ≃ Gλ(1),1 −→ Gλ,1 given by S 7→
λ(1)
λ S. But this morphism is the zero
morphism on the speial ber. So we are done. 
5.5. Case v(λ(1)) = v(µ) = v(λ). We have
(Gµ,1)k ≃ Z/pZ and (Gλ,1)k ≃ Z/pZ.
For simpliity we will suppose µ = λ = λ(1). We reall the following result.
Proposition 5.6. Let suppose that Z/pZ ats trivially on Z/pZ over k. The exat sequene
0→ Z/pZ→ Ga
F−1
→ Ga → 0 indues the following exat sequene
Homgr(Z/pZ,Ga) ≃ k
F−1
−→ Homgr(Z/pZ,Ga) ≃ k −→ Ext
1
k(Z/pZ,Z/pZ) −→
−→ Ext1k(Z/pZ,Ga) ≃ k
F−1
−→ Ext1k(Z/pZ,Ga) ≃ k
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We observe that ker
(
Ext1(Z/pZ,Ga)
F−1
−→ Ext1(Z/pZ,Ga)
)
≃ Z/pZ. It is possible to desribe
more expliitly Ext1(Z/pZ,Z/pZ). We reall that Ext1(Z/pZ,Ga) = H20 (Z/pZ,Ga) is freely
generated as a right k-module by the lass of the oyle C1 =
Xp+Xp−(X+Y )p
p .
There is an isomorphism, indued by the maps of 5.6,
k/(F−1)(k)× Z/pZ −→ Ext1(Z/pZ,Z/pZ),
given by
(a, b) 7→ Ea,b.
The extension Ea,b is so dened: let a¯ ∈ k a lifting of a,
Ea,b = Spec(k[S1, S2]/(S
p
1 − S1, S
p
2 − S2 − a¯S1))
(1) law of multipliation
S1 7−→S1 ⊗ 1 + 1⊗ S1
S2 7−→S2 ⊗ 1 + 1⊗ S2 + b
Sp1 ⊗ 1 + 1⊗ S
p
1 − (S1 ⊗ 1 + 1⊗ S1)
p
p
(2) unit
S1 7−→ 0
S2 7−→ 0
(3) inverse
S1 7−→ −S1
S2 7−→ −S2
We remark that the extensions whih are isomorphi to Z/p2Z as group shemes are the ex-
tensions E0,b with b 6= 0. By 4.49 we have that any extension of Z/pZ by Z/pZ is given by
E(λ(1),λ(1);Ep(jηS),j). We now study its redution on the speial ber.
Proposition 5.7. For any j ∈ Z/pZ, [E
(λ(1),λ(1);Ep(jηS),j)
k ] = E0,j ∈ Ext
1
k(Z/pZ,Z/pZ).
Proof. As group shemes, E(λ(1),λ(1);Ep(jηS),j) ≃ Z/p2Z, if j 6= 0, and E(λ(1),λ(1);1,0) ≃ Z/pZ×Z/pZ
otherwise. In partiular E
(λ(1),λ(1);Ep(jηS),j)
k has a sheme-theoreti setion. It is easy to see that
E
(λ(1),λ(1);Ep(jηS),j)
k ≃ E0,b with
b = (−j
ηp
λ(1)(p− 1)!
mod π) = j,
sine
ηp
λ(1)
≡
λp
(2)
λ(1)
≡ 1 mod π and (p− 1)! ≡ −1 mod π (Wilson Theorem). 
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